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Calculus I

Here are the solutions to the practice problems for my Calculus I notes. Some solutions will have
more or less detail than other solutions. The level of detail in each solution will depend up on
several issues. If the section is a review section, this mostly applies to problems in the first
chapter, there will probably not be as much detail to the solutions given that the problems really
should be review. As the difficulty level of the problems increases less detail will go into the
basics of the solution under the assumption that if you’ve reached the level of working the harder
problems then you will probably already understand the basics fairly well and won’t need all the
explanation.

This document was written with presentation on the web in mind. On the web most solutions are
broken down into steps and many of the steps have hints. Each hint on the web is given as a
popup however in this document they are listed prior to each step. Also, on the web each step can
be viewed individually by clicking on links while in this document they are all showing. Also,
there are liable to be some formatting parts in this document intended for help in generating the
web pages that haven’t been removed here. These issues may make the solutions a little difficult
to follow at times, but they should still be readable.

Rates of Change and Tangent Lines

1. For the function f (x) =3 (x + 2)2 and the point P given by x =—3 answer each of the

following questions.

(a) For the points Q given by the following values of x compute (accurate to at least 8
decimal places) the slope, m,, , of the secant line through points £ and Q.

(i) 3.5 (ii) -3.1 (iii) -3.01 (iv) -3.001 (v) -3.0001
(vi) 2.5 (vii) 2.9 (viif) -2.99 (ix) -2.999 (%) -2.9999

(b) Use the information from (a) to estimate the slope of the tangent line to f° (x) at x=-3

and write down the equation of the tangent line.
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(a) For the points Q given by the following values of x compute (accurate to at least 8 decimal
places) the slope, m,, , of the secant line through points P and Q.

(i) -3.5 (ii) -3.1 (iii) -3.01 (iv) -3.001 (v) -3.0001
(vi) -2.5 (vii) -2.9 (viii) -2.99 (ix) -2.999 (x) -2.9999
[Solution]

The first thing that we need to do is set up the formula for the slope of the secant lines. As
discussed in this section this is given by,

Cf(x)=f(-3) 3(x+2) -3

Mro = x—(—3) x+3

Now, all we need to do is construct a table of the value of m,,, for the given values of x. All of

the values in the table below are accurate to 8 decimal places, but in this case the values
terminated prior to 8 decimal places and so the “trailing” zeros are not shown.

X mPQ X mPQ
-3.5 -7.5 2.5 -4.5
-3.1 -6.3 -2.9 -5.7

-3.01 -6.03 -2.99 -5.97
-3.001 |[-6.003 | -2.999 |-5.997
-3.0001 | -6.0003 | -2.9999 | -5.9997

(b) Use the information from (a) to estimate the slope of the tangent line to f° (x) at x=-3 and

write down the equation of the tangent line.

[Solution]

From the table of values above we can see that the slope of the secant lines appears to be moving
towards a value of -6 from both sides of x =—3 and so we can estimate that the slope of the

tangent line is : [m = —6].

The equation of the tangent line is then,

y:f(—3)+m(x—(—3))=3—6(x+3) = y=-6x-15

Here is a graph of the function and the tangent line.
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2. For the function g (x) =+/4x+8 and the point P given by x =2 answer each of the

following questions.

(a) For the points O given by the following values of x compute (accurate to at least 8

decimal places) the slope, m,, , of the secant line through points P and Q.

(i) 2.5 (ii) 2.1 (iii) 2.01 (iv) 2.001 (v) 2.0001
vi) 1.5 (vii) 1.9 (viii) 1.99 (ix) 1.999 (x) 1.9999

(b) Use the information from (a) to estimate the slope of the tangent line to g(x) at x=2

and write down the equation of the tangent line.

(a) For the points Q given by the following values of x compute (accurate to at least 8 decimal

places) the slope, m,, , of the secant line through points P and Q.

(i) 2.5 (ii) 2.1 (i) 2.01 (iv) 2.001 (v) 2.0001
(vi) 1.5 (vii) 1.9 (viii) 1.99 (ix) 1.999 (x) 1.9999
[Solution]

The first thing that we need to do is set up the formula for the slope of the secant lines. As
discussed in this section this is given by,

_8(x)-g(2) _J4x+8-4

m
re x—2 x—2

Now, all we need to do is construct a table of the value of m,,, for the given values of x. All of

the values in the table below are accurate to 8 decimal places.
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x Mpo x Mpy

2.5 0.48528137 | 1.5 0.51668523
2.1 0.49691346 | 1.9 0.50316468
2.01 0.49968789 | 1.99 0.50031289
2.001 ] 0.49996875 | 1.999 | 0.50003125
2.0001 | 0.49999688 | 1.9999 | 0.50000313

(b) Use the information from (a) to estimate the slope of the tangent line to g(x) at x=2 and

write down the equation of the tangent line.

[Solution]

From the table of values above we can see that the slope of the secant lines appears to be moving
towards a value of 0.5 from both sides of x =2 and so we can estimate that the slope of the

1
tangent lineis : [m=0.5=—|.

2

The equation of the tangent line is then,

y=g(Q)em(x-2)=4+-(x-2) = |y=x+3

Here is a graph of the function and the tangent line.

3. For the function W (x) =In (1 +x* ) and the point P given by x =1 answer each of the

following questions.

(a) For the points Q given by the following values of x compute (accurate to at least 8

decimal places) the slope, m,,, of the secant line through points P and Q.

PQ >
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(1.5 (ii) 1.1 (iii) 1.01 (iv) 1.001 (v) 1.0001
(vi) 0.5 (vii) 0.9 (viii) 0.99 (ix) 0.999 (x) 0.9999

(b) Use the information from (a) to estimate the slope of the tangent line to W(x) at x =1

and write down the equation of the tangent line.

(a) For the points Q given by the following values of x compute (accurate to at least 8 decimal
places) the slope, m,,, , of the secant line through points P and Q.

@i 1.5 (i) 1.1 (iii) 1.01 (iv) 1.001 (v) 1.0001
(vi) 0.5 (vii) 0.9 (viii) 0.99 (ix) 0.999 (x) 0.9999
[Solution]

The first thing that we need to do is set up the formula for the slope of the secant lines. As
discussed in this section this is given by,

w(x)-w(1) In(1+x*)-In(2)

m
ro x—1 x—1

Now, all we need to do is construct a table of the value of m,, for the given values of x. All of

the values in the table below are accurate to 8 decimal places.

X mPQ X mPQ

1.5 2.21795015 | 0.5 1.26504512
1.1 2.08679449 | 0.9 1.88681740
1.01 2.00986668 | 0.99 1.98986668
1.001 | 2.00099867 | 0.999 | 1.99899867
1.0001 | 2.00009999 | 0.9999 | 1.99989999

(b) Use the information from (a) to estimate the slope of the tangent line to W(x) at x=1 and

write down the equation of the tangent line.

[Solution]

From the table of values above we can see that the slope of the secant lines appears to be moving
towards a value of 2 from both sides of x =1 and so we can estimate that the slope of the tangent

lineis: |m=2]|.

The equation of the tangent line is then,

y :W(1)+m(x—1): 1n(2)+2(x—1)

Here is a graph of the function and the tangent line.
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P

A!l, Log[2])

answer each of the following

4. The volume of air in a balloon is given by V(t) = 1+l
t+

questions.

(a) Compute (accurate to at least 8 decimal places) the average rate of change of the volume
of air in the balloon between ¢ =0.25 and the following values of 7.

@1 (ii) 0.5 (iii) 0.251 (iv) 0.2501 (v) 0.25001

(vi) 0 (vii) 0.1 (viii) 0.249 (ix) 0.2499 (x) 0.24999

(b) Use the information from (a) to estimate the instantaneous rate of change of the volume

of air in the balloon at ¢ =(.25.

(a) Compute (accurate to at least 8 decimal places) the average rate of change of the volume of air
in the balloon between ¢ =(0.25 and the following values of ¢.

@)1 (i) 0.5 (iii) 0.251 (iv) 0.2501 (v) 0.25001
(vi) 0 (vii) 0.1 (viii) 0.249 (ix) 0.2499 (x) 0.24999
[Solution]

The first thing that we need to do is set up the formula for the slope of the secant lines. As
discussed in this section this is given by,
6 3
Vi(t)-V(0.25 h
ARC = ( ) ( ) — 4t +1
t—0.25 t—0.25

Now, all we need to do is construct a table of the value of m,, for the given values of x. All of

the values in the table below are accurate to 8 decimal places. In several of the initial values in
the table the values terminated and so the “trailing” zeroes were not shown.
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X ARC X ARC

1 -2.4 0 -12

0.5 -4 0.1 -8.57142857
0.251 -5.98802395 | 0.249 -6.01202405
0.2501 | -5.99880024 | 0.2499 | -6.00120024
0.25001 | -5.99988000 | 0.24999 | -6.00012000

(b) Use the information from (a) to estimate the instantaneous rate of change of the volume of air
in the balloon at t =0.25.

[Solution]

From the table of values above we can see that the average rate of change of the volume of air is

moving towards a value of -6 from both sides of # =0.25 and so we can estimate that the
instantaneous rate of change of the volume of air in the balloon is —6.

5. The population (in hundreds) of fish in a pond is given by P (t ) =2t +sin (2! - 10) answer

each of the following questions.

(a) Compute (accurate to at least 8 decimal places) the average rate of change of the
population of fish between # =5 and the following values of . Make sure your calculator is
set to radians for the computations.

@{i5.5 (ii) 5.1 (iii) 5.01 (iv) 5.001 (v) 5.0001

(vi) 4.5 (vii) 4.9 (viii) 4.99 (ix) 4.999 (x) 4.9999

(b) Use the information from (a) to estimate the instantaneous rate of change of the
population of the fishat £ =35.

(a) Compute (accurate to at least 8 decimal places) the average rate of change of the population of
fish between ¢ =35 and the following values of . Make sure your calculator is set to radians for
the computations.

(i) 5.5 (i) 5.1 (iii) 5.01 (iv) 5.001 (v) 5.0001
(vi) 4.5 (vii) 4.9 (viii) 4.99 (ix) 4.999 (x) 4.9999
[Solution]

The first thing that we need to do is set up the formula for the slope of the secant lines. As
discussed in this section this is given by,

P(t)=P(5) 2t+sin(2t~10)-10
-5 (-5

ARC =
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Now, all we need to do is construct a table of the value of m,, for the given values of x. All of

the values in the table below are accurate to 8 decimal places.

X ARC X ARC

5.5 3.68294197 | 4.5 3.68294197
5.1 3.98669331 | 4.9 3.98669331
5.01 3.99986667 | 4.99 3.99986667
5.001 [ 3.99999867 | 4.999 [ 3.99999867
5.0001 [ 3.99999999 | 4.9999 [ 3.99999999

(b) Use the information from (a) to estimate the instantaneous rate of change of the population of
the fishat £ =95.

[Solution]
From the table of values above we can see that the average rate of change of the population of

fish is moving towards a value of 4 from both sides of # =35 and so we can estimate that the
instantaneous rate of change of the volume of air in the balloon is 4.

6. The position of an object is given by s (t) =cos’ (Tj answer each of the following

questions.

(a) Compute (accurate to at least 8 decimal places) the average velocity of the object between
¢t =2 and the following values of #. Make sure your calculator is set to radians for the

computations.
@) 2.5 (ii) 2.1 (iii) 2.01 (iv) 2.001 (v) 2.0001
(vi) 1.5 (vii) 1.9 (viii) 1.99 (ix) 1.999 (x) 1.9999

(b) Use the information from (a) to estimate the instantaneous velocity of the object at =2
and determine if the object is moving to the right (i.e. the instantaneous velocity is positive),
moving to the left (i.e. the instantaneous velocity is negative), or not moving (i.e. the
instantaneous velocity is zero).

(a) Compute (accurate to at least 8 decimal places) the average velocity of the object between
¢t =2 and the following values of #. Make sure your calculator is set to radians for the

computations.
@) 2.5 (ii) 2.1 (iii) 2.01 (iv) 2.001 (v) 2.0001
(vi) 1.5 (vii) 1.9 (viii) 1.99 (ix) 1.999 (x) 1.9999
[Solution]
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The first thing that we need to do is set up the formula for the slope of the secant lines. As
discussed in this section this is given by,
3x—-6
j_l

cosz(
L sms)_
t=2 t=2

Now, all we need to do is construct a table of the value of m,, for the given values of x. All of

the values in the table below are accurate to 8 decimal places.

t AV t AV
2.5 -0.92926280 | 1.5 0.92926280
2.1 -0.22331755 | 1.9 0.22331755

2.01 -0.02249831 | 1.99 0.02249831
2.001 | -0.00225000 | 1.999 | 0.00225000
2.0001 | -0.00022500 | 1.9999 [ 0.00022500

(b) Use the information from (a) to estimate the instantaneous velocity of the object at £ =2 and
determine if the object is moving to the right (i.e. the instantaneous velocity is positive), moving
to the left (i.e. the instantaneous velocity is negative), or not moving (i.e. the instantaneous
velocity is zero).

[Solution]

From the table of values above we can see that the average velocity of the object is moving
towards a value of 0 from both sides of # =2 and so we can estimate that the instantaneous
velocity is 0 and so the object will not be moving at £ =2.

3
7. The position of an object is given by s (l ) = (8 - x) (x + 6)E . Note that a negative position

here simply means that the position is to the left of the “zero position” and is perfectly acceptable.
Answer each of the following questions.

(a) Compute (accurate to at least 8 decimal places) the average velocity of the object between
t =10 and the following values of 7.

@i 10.5 (ii) 10.1 (iii) 10.01 (iv) 10.001 (v) 10.0001

(vi) 9.5 (vii) 9.9 (viii) 9.99 (ix) 9.999 (x) 9.9999

(b) Use the information from (a) to estimate the instantaneous velocity of the object at £ =10
and determine if the object is moving to the right (i.e. the instantaneous velocity is positive),
moving to the left (i.e. the instantaneous velocity is negative), or not moving (i.e. the
instantaneous velocity is zero).
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(a) Compute (accurate to at least 8 decimal places) the average velocity of the object between
t =10 and the following values of 7.

(i) 10.5 (ii) 10.1 (iii) 10.01 (iv) 10.001 (v) 10.0001
(vi) 9.5 (vii) 9.9 (viii) 9.99 (ix) 9.999 (x) 9.9999
[Solution]

The first thing that we need to do is set up the formula for the slope of the secant lines. As
discussed in this section this is given by,

AV - s(t)-s(10) (8—x)(x+6)% +128

t—-10 t—-10

Now, all we need to do is construct a table of the value of m,, for the given values of x. All of

the values in the table below are accurate to 8 decimal places.

t AV t AV
10.5 -79.11658419 | 9.5 -72.92931693
10.1 -76.61966704 | 9.9 -75.38216890

10.01 -76.06188418 | 9.99 -75.93813418
10.001 | -76.00618759 | 9.999 | -75.99381259
10.0001 | -76.00061875 | 9.9999 | -75.99938125

(b) Use the information from (a) to estimate the instantaneous velocity of the object at =10 and
determine if the object is moving to the right (i.e. the instantaneous velocity is positive), moving
to the left (i.e. the instantaneous velocity is negative), or not moving (i.e. the instantaneous
velocity is zero).

[Solution]

From the table of values above we can see that the average velocity of the object is moving
towards a value of -76 from both sides of # =10 and so we can estimate that the instantaneous

velocity is -76 and so the object will be moving to the left at # =10.
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The Limit

8—x°

2
X —

1. For the function f (x) = answer each of the following questions.

(a) Evaluate the function the following values of x compute (accurate to at least 8 decimal

places).
(i) 2.5 (ii) 2.1 (iii) 2.01 (iv) 2.001 (v) 2.0001
(vi) 1.5 (vii) 1.9 (viii) 199 (ix) 1.999 (x) 1.9999
(b) Use the information from (a) to estimate the value of lir121 )
xX—> X —

(a) Evaluate the function the following values of x compute (accurate to at least 8 decimal

places).
@i 2.5 (ii) 2.1 (i) 2.01 (iv) 2.001 (v) 2.0001
(vi) 1.5 (vii) 1.9 (viii) 1.99 (ix) 1.999 (x) 1.9999
[Solution]

Here is a table of values of the function at the given points accurate to 8 decimal places.

X mPQ X mPQ
2.5 -3.38888889 | 1.5 -2.64285714
2.1 -3.07560976 | 1.9 -2.92564103

2.01 -3.00750623 | 1.99 -2.99250627
2.001 [ -3.00075006 | 1.999 [ -2.99925006
2.0001 | -3.00007500 | 1.9999 | -2.99992500

3
. . . . —-X

(b) Use the information from (a) to estimate the value of lim T4
x—2 X —

[Solution]
From the table of values above it looks like we can estimate that,

3
. 8—x
lim 5
x-2 x —4

=3
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2t +3
2. For the function R (t) = T answer each of the following questions.
+

(a) Evaluate the function the following values of # compute (accurate to at least 8 decimal

places).
@i -0.5 (ii) -0.9 (iii) -0.99 (@iv) -0.999 (v) -0.9999
(vi) -1.5 (vii) -1.1 (viii) -1.01 (ix) -1.001 (x) -1.0001

. 2-+P+3
(b) Use the information from (a) to estimate the value of llml—1 .
oot

(a) Evaluate the function the following values of # compute (accurate to at least 8 decimal places).

(i) -0.5 (ii) -0.9 (iii) -0.99 (iv) -0.999 (v) -0.9999
(vi) -1.5 (vii) -1.1 (viii) -1.01 (ix) -1.001 (x) -1.0001
[Solution]

Here is a table of values of the function at the given points accurate to 8 decimal places.

X Mpg X Mpg

-0.5 0.39444872 | -1.5 0.58257569
-0.9 0.48077870 | -1.1 0.51828453
-0.99 0.49812031 | -1.01 0.50187032
-0.999 | 0.49981245 | -1.001 | 0.50018745
-0.9999 | 0.49998125 | -1.0001 | 0.50001875

. 2=t +3
(b) Use the information from (a) to estimate the value of hrnl —1 .
== t+

[Solution]
From the table of values above it looks like we can estimate that,

. 2-~+3 1
Im——=

> 41 2

sin(76)

3. For the function g (9) = answer each of the following questions.

(a) Evaluate the function the following values of 6 compute (accurate to at least 8 decimal

places). Make sure your calculator is set to radians for the computations.
@i 0.5 (ii) 0.1 (iii) 0.01 (iv) 0.001 (v) 0.0001
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(vi) -0.5 (vii) -0.1 (viii) -0.01 (ix) -0.001 (x) -0.0001
. . , __sin(70)
(b) Use the information from (a) to estimate the value of %mgT .

(a) Evaluate the function the following values of x compute (accurate to at least 8 decimal

places).
(i) 0.5 (ii) 0.1 (iii) 0.01 (iv) 0.001 (v) 0.0001
(vi) -0.5 (vii) -0.1 (viii) -0.01 (ix) -0.001 (x) -0.0001
[Solution]

Here is a table of values of the function at the given points accurate to 8 decimal places.

X mPQ X me
0.5 -0.70156646 | -0.5 -0.70156646
0.1 6.44217687 | -0.1 6.44217687

0.01 6.99428473 | -0.01 6.99428473
0.001 6.99994283 | -0.001 6.99994283
0.0001 [ 6.99999943 | -0.0001 | 6.99999943

‘ , , __sin(70)
(b) Use the information from (a) to estimate the value of %mg— .
[Solution]
From the table of values above it looks like we can estimate that,
sin(760
im S070)
0—0

4. Below is the graph of f (x) . For each of the given points determine the value of f (a) and

lim f (x) . If any of the quantities do not exist clearly explain why.

xX—a

(@) a=-3 (b) a=-1 (c)a=2 @ a=4
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i = %
i
- 4+
- £ o
.|.—
|'| ]- T
| | | | | | | 1 1 1
-5 - =3 -: -] ] : 2 4 j
- .
)} =2
-
=31

(a) a=-3

From the graph we can see that,

f(-3)=4

because the closed dot is at the value of y=4.

We can also see that as we approach x =—3 from both sides the graph is approaching different
values (4 from the left and -2 from the right). Because of this we get,

lim f'(x) does not exist

x—>-3

Always recall that the value of a limit does not actually depend upon the value of the function at
the point in question. The value of a limit only depends on the values of the function around the
point in question. Often the two will be different.

b)) a=-1
From the graph we can see that,

7(-1)=3

because the closed dot is at the value of y =3.

We can also see that as we approach x =—1 from both sides the graph is approaching the same
value, 1, and so we get,

lim £ (x)=1

x—>—1

Always recall that the value of a limit does not actually depend upon the value of the function at
the point in question. The value of a limit only depends on the values of the function around the
point in question. Often the two will be different.

(¢©)a=2
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Because there is no closed dot for x =2 we can see that,

/(2) does not exist

We can also see that as we approach x =2 from both sides the graph is approaching the same
value, 1, and so we get,

lim f(x) =1

x—>2

Always recall that the value of a limit does not actually depend upon the value of the function at
the point in question. The value of a limit only depends on the values of the function around the
point in question. Therefore, even though the function doesn’t exist at this point the limit can still
have a value.

@ a=4

From the graph we can see that,

f(4)=5

because the closed dot is at the value of y =5.

We can also see that as we approach x =4 from both sides the graph is approaching the same
value, 5, and so we get,

lim f(x) =5

x—4

5. Below is the graph of f (x) . For each of the given points determine the value of f (a) and

lim f (x) . If any of the quantities do not exist clearly explain why.

X—>a

(@) a=-8 () a=-2 (¢c)a=6 d) a=10
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(a) a=-8

From the graph we can see that,

f(-8)=-3

because the closed dot is at the value of y=-3.

We can also see that as we approach x =—8 from both sides the graph is approaching the same
value, -6, and so we get,

lim f(x) =-6

x——8

Always recall that the value of a limit does not actually depend upon the value of the function at
the point in question. The value of a limit only depends on the values of the function around the
point in question. Often the two will be different.

M) a=-2

From the graph we can see that,

7(-2)=3

because the closed dot is at the value of y =3.

We can also see that as we approach x =—2 from both sides the graph is approaching different
values (3 from the left and doesn’t approach any value from the right). Because of this we get,

lim f'(x) does not exist

x—>—2

Always recall that the value of a limit does not actually depend upon the value of the function at
the point in question. The value of a limit only depends on the values of the function around the
point in question. Often the two will be different.

(¢)a=6
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From the graph we can see that,

f(6)=5

because the closed dot is at the value of y =35.

We can also see that as we approach x =6 from both sides the graph is approaching different
values (2 from the left and 5 from the right). Because of this we get,

lim f (x) does not exist

Always recall that the value of a limit does not actually depend upon the value of the function at
the point in question. The value of a limit only depends on the values of the function around the
point in question. Often the two will be different.

@ a=10

From the graph we can see that,

£(10)=0

because the closed dot is at the value of y =0.

We can also see that as we approach x =10 from both sides the graph is approaching the same
value, 0, and so we get,

lim £ (x)=0

x—>10

6. Below is the graph of f° (x) . For each of the given points determine the value of f (a) and

lim f (x) . If any of the quantities do not exist clearly explain why.
x—a

(a) a=-2 M) a=-1 ) a=1 @d a=3
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(a) a=-2

Because there is no closed dot for x =—2 we can see that,

£ (-2) does not exist

We can also see that as we approach x =—2 from both sides the graph is not approaching a value
from either side and so we get,

lim f'(x) does not exist

x—-2

M) a=-1

From the graph we can see that,

7(-1)=3

because the closed dot is at the value of y=3.

We can also see that as we approach x =—1 from both sides the graph is approaching the same
value, 1, and so we get,

lim /£ (x)=1

x—>—1

Always recall that the value of a limit does not actually depend upon the value of the function at
the point in question. The value of a limit only depends on the values of the function around the
point in question. Often the two will be different.

(©)a=1
Because there is no closed dot for x =1 we can see that,

£ (1) does not exist
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We can also see that as we approach x =1 from both sides the graph is approaching the same
value, -3, and so we get,

lim /' (x) =3

x—1

Always recall that the value of a limit does not actually depend upon the value of the function at
the point in question. The value of a limit only depends on the values of the function around the
point in question. Therefore, even though the function doesn’t exist at this point the limit can still
have a value.

@ a=3

From the graph we can see that,

7(3)=4

because the closed dot is at the value of y=4.

We can also see that as we approach x =3 from both sides the graph is approaching the same
value, 4, and so we get,

lim f(x) = 4

x—3

One-Sided Limits

1. Below is the graph of f (x) . For each of the given points determine the value of f (a) ,

lim f (x) , im f (x) ,and lim f (x) If any of the quantities do not exist clearly explain why.

(@) a=-4 (b) a=-1 (©a=2 d a=4

© 2007 Paul Dawkins 20 http://tutorial. math.lamar.edu/terms.aspx


http://tutorial.math.lamar.edu/terms.aspx

Calculus I

T,
— . .1 = |
. 3
-': 1 — . v 1
| | | | | | L\ ] 11 i
-5 =5 =4 =3 /=2 =] I B 3 41 3
-k - 1
- ~2L
_3 -
(a) a=-4
From the graph we can see that,
7(-4)=3

because the closed dot is at the value of y =3.

We can also see that as we approach x =—4 from the left the graph is approaching a value of 3
and as we approach from the right the graph is approaching a value of -2. Therefore we get,

lim f(x)=3 & lim,_ £ (x)=-2

x—>—4"

Now, because the two one-sided limits are different we know that,

lim f(x) does not exist

x—>—4

M) a=-1

From the graph we can see that,

f(-1)=4

because the closed dot is at the value of y=4.

We can also see that as we approach x =—1 from both sides the graph is approaching the same
value, 4, and so we get,

lim f(x)=4 & lim f(x)=4

x—>-1" x—>-1"

The two one-sided limits are the same and so we know,

lim £ (x) =4

x—>-1

© 2007 Paul Dawkins 21 http://tutorial.math.lamar.edu/terms.aspx



http://tutorial.math.lamar.edu/terms.aspx

Calculus I

©a=2

From the graph we can see that,

7(2)=-1

because the closed dot is at the value of y =—1.

We can also see that as we approach x =2 from the left the graph is approaching a value of -1
and as we approach from the right the graph is approaching a value of 5. Therefore we get,

lim f(x)=-1 & lim f(x)=5

x—27 x—>27

Now, because the two one-sided limits are different we know that,

lim f(x) does not exist
x—2

d) a=4

Because there is no closed dot for x =4 we can see that,

£ (4) does not exist

We can also see that as we approach x =4 from both sides the graph is approaching the same
value, 2, and so we get,

lim f(x)=2 & lim f(x)=2

x—>4" x—4%

The two one-sided limits are the same and so we know,

lim f (x)=2

x—4

Always recall that the value of a limit (including one-sided limits) does not actually depend upon
the value of the function at the point in question. The value of a limit only depends on the values
of the function around the point in question. Therefore, even though the function doesn’t exist at
this point the limit and one-sided limits can still have a value.

2. Below is the graph of f' (x) . For each of the given points determine the value of f (a) ,

lim f (x) , im f (x) ,and lim f (x) If any of the quantities do not exist clearly explain why.

(@) a=-2 (b) a=1 ©)a=3 d) a=5
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(a) a=-2

From the graph we can see that,

/(=2)=-1

because the closed dot is at the value of y=—1.

We can also see that as we approach x =—2 from the left the graph is not approaching a single
value, but instead oscillating wildly, and as we approach from the right the graph is approaching a
value of -1. Therefore we get,

lim f(x) does not exist & lim f(x) =-1

x—>-2" x—>-27

Recall that in order for limit to exist the function must be approaching a single value and so, in
this case, because the graph to the left of x =—2 is not approaching a single value the left-hand
limit will not exist. This does not mean that the right-hand limit will not exist. In this case the
graph to the right of x =—2 is approaching a single value the right-hand limit will exist.

Now, because the two one-sided limits are different we know that,

lim f'(x) does not exist

x—>-2

M) a=1

From the graph we can see that,

r(1)=4

because the closed dot is at the value of y=4.

We can also see that as we approach x =1 from both sides the graph is approaching the same
value, 3, and so we get,
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lim f(x)=3 & lim f(x)=3

x—>1" x>l

The two one-sided limits are the same and so we know,

limf(x):3

x—1

(¢)a=3

From the graph we can see that,

f(3)=-2

because the closed dot is at the value of y =-2.

We can also see that as we approach x =2 from the left the graph is approaching a value of 1
and as we approach from the right the graph is approaching a value of -3. Therefore we get,

lim f(x)=1 & lim f(x)=-3

x—>3" x—>37

Now, because the two one-sided limits are different we know that,

lim f (x) does not exist

@da=5

From the graph we can see that,

7(5)=4

because the closed dot is at the value of y=4.

We can also see that as we approach x =5 from both sides the graph is approaching the same
value, 4, and so we get,

lim £ (x)=4 & lim £ (x)=4

x—5" x—57F

The two one-sided limits are the same and so we know,

lim f (x)=4

x—5

3. Sketch a graph of a function that satisfies each of the following conditions.

lim £ (x)=1 lim f(x)=—4 f(2)=1

x—2" x—27

Solution
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There are literally an infinite number of possible graphs that we could give here for an answer.

However, all of them must have a closed dot on the graph at the point (2, l) , the graph must be

approaching a value of 1 as it approaches x =2 from the left (as indicated by the left-hand limit)
and it must be approaching a value of -4 as it approaches x =2 from the right (as indicated by
the right-hand limit).

Here is a sketch of one possible graph that meets these conditions.

Si=

[ I ]

= I

]
[ B

tad (2]

|
L T
|

4. Sketch a graph of a function that satisfies each of the following conditions.

XILI?_ f(x) =0 xhjg f(x) =4 f(3) does not exist
ll_)n}lf(x)z—S f(—1)=2
Solution

There are literally an infinite number of possible graphs that we could give here for an answer.
However, all of them must the following two sets of criteria.

First, at x =3 there cannot be a closed dot on the graph (as indicated by the fact that the function

does not exist here), the graph must be approaching a value of 0 as it approaches x =3 from the
left (as indicated by the left-hand limit) and it must be approaching a value of 4 as it approaches
X =3 from the right (as indicated by the right-hand limit).

Next, the graph must have a closed dot at the point (—1, 2) and the graph must be approaching a
value of -3 as it approaches x =—1 from both sides (as indicated by the fact that value of the
overall limit is -3 at this point).

Here is a sketch of one possible graph that meets these conditions.
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Limit Properties

1. Given lingl f (x) =9, lingl g(x) =2 and lingh (x) =4 use the limit properties given in this
section to compute each of the following limits. If it is not possible to compute any of the limits
clearly explain why not.

(a) lim[ 2 (x)~12A(x)] (b) lim [ 3/2(x)~6]

© lim[ g (x)(x)- £ (+)] (@ tim[ () £ (x) + h(x)]

Hint : For each of these all we need to do is use the limit properties on the limit until the given
limits appear and we can then compute the value.

(a) £1£1§[2f(x) ~12h(x)]
Here is the work for this limit. At each step the property (or properties) used are listed and note
that in some cases the properties may have been used more than once in the indicated step.

lim[ 2/ (x)~12A(x)]=lim[ 2/ (x) ]~ lim[ 12/(x)] Property 2
= 2£1£1§f(x)—121xi£13h(x) Property 1
=2(-9)-12(4) Plug in values of limits

(b) £i£13|:3h(x)—6:|

Here is the work for this limit. At each step the property (or properties) used are listed and note
that in some cases the properties may have been used more than once in the indicated step.

11rr81 3h 6] = 11rr81 3h 1irr816 Property 2
=3limA (x) ~lim6 Property 1
=3 (4) -6 Plug in value of limits & Property 7

=[o]
(© lim[ g (x)h(x)= /()]
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Here is the work for this limit. At each step the property (or properties) used are listed and note
that in some cases the properties may have been used more than once in the indicated step.

%glg[g(x)h(x) ]—lxlilg[g(x h(x)]—%{iirglf(x) Property 2
=[timg (x) || i (x) |tim £ () Property 3
=(2)(4)-(-9) Plug in values of limits

~[17]
(@ lim[ f (x) =g (x)+h(x)]

Here is the work for this limit. At each step the property (or properties) used are listed and note
that in some cases the properties may have been used more than once in the indicated step.

lim[ f(x)-g(x)+h(x)]=lim f(x)~limg (x)+limh(x) Property 2

x—8

=-9-2+4 Plug in values of limits

=17l

2. Given lim f( ) =1, lim4g(x) =10 and lim4 h(x) =—7 use the limit properties given in

x——4

this section to compute each of the following limits. If it is not possible to compute any of the
limits clearly explain why not.

im_f(x)_h(x) m X x)h(x
w | L1 03 [/ (2)2(x)3()]
c im_ ! + 3—f(x) im x——1
© In| 5 st B B RTE

Hint : For each of these all we need to do is use the limit properties on the limit until the given
limits appear and we can then compute the value.

o ] 214

Here is the work for this limit. At each step the property (or properties) used are listed and note
that in some cases the properties may have been used more than once in the indicated step.
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lim{f(x)— h(x)} lim f(x) li M Property 2
x—>—4 g(x) f(x) x—>—4 g(x) x—>—4 (x)
lim f(x) limhA(x
_le“‘f( )—’1‘_—’4 (x) Property 4
fimg(x)  fim f(x)
= 1 7 Plug in values of limits
10 1
[z
110

Note that were able to use Property 4 in the second step only because after we evaluated the limit
of the denominators (both of them) we found that the limits of the denominators were not zero.

) lim[ £ (x)g(x)h(x)]
Here is the work for this limit. At each step the property (or properties) used are listed and note
that in some cases the properties may have been used more than once in the indicated step.

tim [ £ (x)g (x)h(x)]=| lim £ (x) | tim g(x) || tim (x) | Property 3

x—>—4 x—>—4 x—>-4

= (1)(1 0) (_7) Plug in value of limits
_

Note that the properties 2 & 3 in this section were only given with two functions but they can
casily be extended out to more than two functions as we did here for property 3.

. 1 3—f(x
(¢) lim + f( )
¥4 h(x) g(x)+h(x)
Here is the work for this limit. At each step the property (or properties) used are listed and note
that in some cases the properties may have been used more than once in the indicated step.
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—f(x) L 1 ) 3—f(x)
o e

lim 1 lim [ 3 f(x)]

= — x——4 .x—>74 Property 4

lim A (x) ~ lim[ g (x)+/(x)]

lim1 lim3—-1lim f(x

— 1 x%;j 1'x%—4 x~>14 (h ) Property 2

lim A(x) ~ lim g (x)+ lim A(x)
_1 + 3-1 Plug in values of limits

=7 10-7

& Property 1

i
|21

Note that were able to use Property 4 in the second step only because after we evaluated the limit
of the denominators (both of them) we found that the limits of the denominators were not zero.

@ 31%{2h(x)‘m}

Here is the work for this limit. At each step the property (or properties) used are listed and note
that in some cases the properties may have been used more than once in the indicated step.

| 1 i o !
lim {2h(x) —W} = }1_)@4 2h(x) }Ln}‘*—h(x) 770 Property 2

x—>—4
( ) lim4 1
=lim 2h(x)—— - Property 4
x4 lim [ A(x)+7 f(x)]

At this point let’s step back a minute. In the previous parts we didn’t worry about using property
4 on a rational expression. However, in this case let’s be a little more careful. We can only use
property 4 if the limit of the denominator is not zero. Let’s check that limit and see what we get.

lim[ (x)+7f(x)]=limh(x)+1lim[7f(x)]  Property2

x—>—4
= lim / (x)+7 }Lrgf(x) Property 1
=-7+7(1) Plug in values of limits & Property 1
=0

Okay, we can see that the limit of the denominator in the second term will be zero and so we can
not actually use property 4 on that term. This means that this limit cannot be done and note that
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the fact that we could determine a value for the limit of the first term will not change this fact.
This limit cannot be done.

3. Given lirrol f (x) =0, lirrol g(x) =—4 and lingh(x) = —1 use the limit properties given in this

section to compute each of the following limits. If it is not possible to compute any of the limits
clearly explain why not.

@ tim[ £ (x)+h(x)] (b) lim g (x) ()
(© lim ,3/11+[g(x)]2 (d) lim ﬁ

Hint : For each of these all we need to do is use the limit properties on the limit until the given
limits appear and we can then compute the value.

. 3
(a) Ll_t)tg [f(x) +h (x)]
Here is the work for this limit. At each step the property (or properties) used are listed and note
that in some cases the properties may have been used more than once in the indicated step.

3
tim[ £ (x)+(x)] =[im( £ () h(x))] Property 5
3
:hiilgf(x)+£iilgh(x)} Property 2
=[6- 1]3 Plug in values of limits

=[12s]
(b) !{i{)ngg(x)h(x)

Here is the work for this limit. At each step the property (or properties) used are listed and note
that in some cases the properties may have been used more than once in the indicated step.

lxlilg \/lxlilg g(x Property 6
JD&% ﬂ[&iggh(x)} Property 3
- (_4) (_1) Plug in value of limits

=[2]
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(c) !glg 11+ [g (x)]2

Here is the work for this limit. At each step the property (or properties) used are listed and note
that in some cases the properties may have been used more than once in the indicated step.

. 2
£1£1013¢11+[g \/Eglg 11+|:g(x):| ) Property 6

2
hml 1+ £1£13 (x)] Property 2
= i/lirr&11+[lin3g(x)}2 Property 5

=311+ (—4)2 Plug in values of limits & Property 7
=

o [ TQ
N -2 ()

Here is the work for this limit. At each step the property (or properties) used are listed and note
that in some cases the properties may have been used more than once in the indicated step.

lim \/A \/hm& Property 6

D0\ h(x)=g(x) N0 h(x)-g(x)
|
= \/ ’flgolf Property 4
hm ))
1
—\/ 1mf Property 2
—hmg( )

= f Plug in values of limits

=f

Note that were able to use Property 4 in the second step only because after we evaluated the limit
of the denominators (both of them) we found that the limits of the denominators were not zero.

4. Use the limit properties given in this section to compute the following limit. At each step
clearly indicate the property being used. If it is not possible to compute any of the limits clearly
explain why not.
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lim(14—6t+t3)

t—>-2

Hint : All we need to do is use the limit properties on the limit until we can use Properties 7, 8
and/or 9 from this section to compute the limit.

1in12(14—6t+t3): 1in1214—1im2 6f + limzt3 Property 2
= lim2 14-6 lim2 t+ lim2 £ Property 1
t—— t—>— t——
=14-6(-2)+(-2) Properties 7, 8, & 9

=[13]

5. Use the limit properties given in this section to compute the following limit. At each step

clearly indicate the property being used. If it is not possible to compute any of the limits clearly
explain why not.
lim (3x> + 7x-16)

x—6

Hint : All we need to do is use the limit properties on the limit until we can use Properties 7, 8
and/or 9 from this section to compute the limit.

1i1161(3x2 +7x-16)= lim3x” +1im 7x— lim 16 Property 2
=3 1irr61 X' +7 1in61x - 1in6116 Property 1
= 3(62)+ 7(6)-16 Properties 7, 8, & 9

=[134]

6. Use the limit properties given in this section to compute the following limit. At each step

clearly indicate the property being used. If it is not possible to compute any of the limits clearly
explain why not.

. ow —8w
lim——

w—3 4 — 7W

Hint : All we need to do is use the limit properties on the limit until we can use Properties 7, 8
and/or 9 from this section to compute the limit.
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2 _Qw lim(w2 —8w)

W
lim = w23 Property 4
PR a 7w lim(4-7w) pery
limw? —lim 8w
=3 w3 Property 2
hn} 4— hn} Tw
limw?® —8limw
= w3 w3 Property 1
hn} 4-17 hrr% w
3’ -8(3) .
== "\ Properties 7, 8, & 9
4-17(3)
_[15
17

Note that we were able to use property 4 in the first step because after evaluating the limit in the
denominator we found that it wasn’t zero.

7. Use the limit properties given in this section to compute the following limit. At each step
clearly indicate the property being used. If it is not possible to compute any of the limits clearly
explain why not.

x+7
im——————
—>=5x"+3x-10

Hint : All we need to do is use the limit properties on the limit until we can use Properties 7, 8
and/or 9 from this section to compute the limit.

47 lim (x+7)
im — =— Hfz Property 4
-5 x"4+3x-10 hrns(x +3x—10)

Okay, at this point let’s step back a minute. We used property 4 here and we know that we can
only do that if the limit of the denominator is not zero. So, let’s check that out and see what we
get.

lims(x2 +3x —10) = lim X+ lim 3x - lim 10 Property 2
= lim x> +3 lim x— lim 10 Property 1
=(=5)"+3(-5)-10 Properties 7, 8, & 9
=0
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So, the limit of the denominator is zero and so we couldn’t use property 4 in this case. Therefore,
we cannot do this limit at this point (note that it will be possible to do this limit after the next
section).

8. Use the limit properties given in this section to compute the following limit. At each step
clearly indicate the property being used. If it is not possible to compute any of the limits clearly

explain why not.
limvz* +6

z—0

Hint : All we need to do is use the limit properties on the limit until we can use Properties 7, 8
and/or 9 from this section to compute the limit.

lirr(} NZP+6 = ling(z2 + 6) Property 6
= /lim 2+ lim 6 Property 2

=40*+6 Properties 7 & 9

NG

9. Use the limit properties given in this section to compute the following limit. At each step
clearly indicate the property being used. If it is not possible to compute any of the limits clearly

explain why not.
lim (4x+\3/x—2)

x—10

Hint : All we need to do is use the limit properties on the limit until we can use Properties 7, 8
and/or 9 from this section to compute the limite.

lim (4x +3fx— 2) = lim 4x+ lim 3/x—2 Property 2
= lim 4x + 3/11_)1%(x—2) Property 6
=lim4x+ 3/lim x—1lim 2 Property 2
x—10 x—10 x—10
=41im x+ 3/lim x — lim 2 Property 1
x—10 x—10 x—10
=4(10)+/10-2 Properties 7 & 8
=42
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Computing Limits

1. Evaluate lirr21 (8 —3x+12x7 ) , if it exists.

Solution

There is not really a lot to this problem. Simply recall the basic ideas for computing limits that
we looked at in this section. We know that the first thing that we should try to do is simply plug
in the value and see if we can compute the limit.

lim(8—3x+12x" ) =8-3(2)+12(4) =

x—2

. 6+4r . .
2. Evaluate lim ———, ifit exists.
-3¢ +1

Solution

There is not really a lot to this problem. Simply recall the basic ideas for computing limits that
we looked at in this section. We know that the first thing that we should try to do is simply plug
in the value and see if we can compute the limit.

6+4t -6 3
im———=—=
>3 +1 10 5

2

— , if it exists.
+2x-15

3. Evaluate lim
x>=5x

2
Solution

There is not really a lot to this problem. Simply recall the basic ideas for computing limits that
we looked at in this section. In this case we see that if we plug in the value we get 0/0. Recall
that this DOES NOT mean that the limit doesn’t exist. We’ll need to do some more work before
we make that conclusion. All we need to do here is some simplification and then we’ll reach a
point where we can plug in the value.
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x> =25 . (x=5)(x+5) . x-5 |5
im — = lim
=5 x"+2x-15 H—S(x—3) x+5

—_
N
I
b
=
|
98}
i

. 22" —17z+8
4. Evaluate hrrglzg—z , if it exists.
Z—> —Z

Solution

There is not really a lot to this problem. Simply recall the basic ideas for computing limits that
we looked at in this section. In this case we see that if we plug in the value we get 0/0. Recall
that this DOES NOT mean that the limit doesn’t exist. We’ll need to do some more work before
we make that conclusion. All we need to do here is some simplification and then we’ll reach a
point where we can plug in the value.

2 — — —
22817248 (2z-1)(z 8)=lim22 L[]

z—8 8—Z z—8 _(2_8) z—>8

2
5. Evaluate limw
»=713y" =17y —-28

, if it exists.

Solution

There is not really a lot to this problem. Simply recall the basic ideas for computing limits that
we looked at in this section. In this case we see that if we plug in the value we get 0/0. Recall
that this DOES NOT mean that the limit doesn’t exist. We’ll need to do some more work before
we make that conclusion. All we need to do here is some simplification and then we’ll reach a
point where we can plug in the value.

2 —
Y -4y-21 (y=7)(y+3) 3 _10_[2

lim —— = = =—=
»=73y" =17y —-28 yﬁ7(3y+4)(y—7) »13y+4 25 |5

(6+h) -36

6. Evaluate lim , if it exists.
h—0

Solution

There is not really a lot to this problem. Simply recall the basic ideas for computing limits that
we looked at in this section. In this case we see that if we plug in the value we get 0/0. Recall
that this DOES NOT mean that the limit doesn’t exist. We’ll need to do some more work before
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we make that conclusion. All we need to do here is some simplification and then we’ll reach a
point where we can plug in the value.

2 2
lim(6+h) 36 _ iy 36+ 128+ 36 :hmh(12+h) :hm(12+h):

h—0 h h—0 h h—0 h h—0

7. Evaluate lim
z—4 z —

, if it exists.

Solution

There is not really a lot to this problem. Simply recall the basic ideas for computing limits that
we looked at in this section. In this case we see that if we plug in the value we get 0/0. Recall
that this DOES NOT mean that the limit doesn’t exist. We’ll need to do some more work before
we make that conclusion. If you’re really good at factoring you can factor this and simplify.
Another method that can be used however is to rationalize the numerator, so let’s do that for this
problem.

| =lim =lim

S8 Zo4 = (z-4) (Vz+2) = (z-a)(z+2) = — =l

im\/Z—zzl. (\/;—2)(\/;”) z—4 1

V2x+22 -4

8. Evaluate lim ———— , if it exists.
x—>-3 x+3

Solution

There is not really a lot to this problem. Simply recall the basic ideas for computing limits that
we looked at in this section. In this case we see that if we plug in the value we get 0/0. Recall
that this DOES NOT mean that the limit doesn’t exist. We’ll need to do some more work before
we make that conclusion. Simply factoring will not do us much good here so in this case it looks
like we’ll need to rationalize the numerator.

poN2422-4 (V2x+22—4)(\/2x+22+4) 2x+22-16
2+4

m———=1m = lim
=3 x+3 =0 (w43) (Vaxs2244) 7 (x+3)(V2x+22+4)
- lim 2(x+3) _ fim 2 zéz 1

3 (x43)(V2x+22+4) PV 2r422 44 4
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9. Evaluate lim if it exists.

X
=03 \Jx+9’

Solution

There is not really a lot to this problem. Simply recall the basic ideas for computing limits that
we looked at in this section. In this case we see that if we plug in the value we get 0/0. Recall
that this DOES NOT mean that the limit doesn’t exist. We’ll need to do some more work before
we make that conclusion. Simply factoring will not do us much good here so in this case it looks
like we’ll need to rationalize the denominator.

lim—— = lim—— (3+m) zlimx(3+m)

03 _/x+9 x%0(3_m)(3+m) x50 9—(x+9)
x(3+\/m)
=lim =1lim

x—0 —X x—0

3+4Vx+9
o

10. Given the function
7T—4x x<1
X+2 x>1

f(X)={

Evaluate the following limits, if they exist.

(a) lim f(x) (b) lim f(x)

x—1

Hint : Recall that when looking at overall limits (as opposed to one-sided limits) we need to make
sure that the value of the function must be approaching the same value from both sides. In other
words, the two one sided limits must both exist and be equal.

(a) xlg{le f (x) Solution

For this part we know that —6 <1 and so there will be values of x on both sides of -6 in the range
x <1 and so we can assume that, in the limit, we will have x <1. This will allow us to use the
piece of the function in that range and then just use standard limit techniques to compute the
limit.

lim f(x)= lim (7~ 4x)=

x—>—6

(b) lxlgll f (x) Solution

This part is going to be different from the previous part. We are looking at the limit at x =1 and
that is the “cut—off” point in the piecewise functions. Recall from the discussion in the section,
that this means that we are going to have to look at the two one sided limits.
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lim f(x)=1lim(7-4x)=3 because x — 1~ implies that x <1
x—1" x—1"
lim f(x)=lim (x2 + 2) =3 because x — 1" implies that x > 1
x—1* x—1*

So, in this case, we can see that,

lim /£ (x)= lim £ (x)=3

x—1" x—1*

and so we know that the overall limit must exist and,

lim £ (x) =[3]

11. Given the function

h(z):{ 6z z<-4

1-9z z>-4

Evaluate the following limits, if they exist.

(a) lim7(z) (b) lim A (z)

Hint : Recall that when looking at overall limits (as opposed to one-sided limits) we need to make
sure that the value of the function must be approaching the same value from both sides. In other
words, the two one sided limits must both exist and be equal.

(a) lzl_r}} h (Z) Solution

For this part we know that 7 > —4 and so there will be values of z on both sides of 7 in the range
z >—4 and so we can assume that, in the limit, we will have z >—4. This will allow us to use
the piece of the function in that range and then just use standard limit techniques to compute the
limit.

limh(z)=1lim(1-9z)=

z—>7 z—>7

(b) ZILIE h(z) Solution

This part is going to be different from the previous part. We are looking at the limit at z = —4
and that is the “cut—off” point in the piecewise functions. Recall from the discussion in the
section, that this means that we are going to have to look at the two one sided limits.

lim A(z)= lim 6z=-24 because z — —4~ implies that z < —4
z—>—4" z—>—4"

lim #(z)= lim (1-9z)=37 because z — —4" implies that z > —4
z—>—4" z—>—4"
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So, in this case, we can see that,

lim h(z)=-24%37= lim h(z)

z—>—4"~ z—>—47

and so we know that the overall limit does not exist.

12. Evaluate lirr51(10 + |x -5

). if it exists.

Hint : Recall the mathematical definition of the absolute value function and that it is in fact a
piecewise function.

Solution
Recall the definition of the absolute value function.
p p=0
|pl=
-p p<0

So, because the function inside the absolute value is zero at x =5 we can see that,

5 x=5 x25
|x— |_ —(x—S) x<5

This means that we are being asked to compute the limit at the “cut—off” point in a piecewise
function and so, as we saw in this section, we’ll need to look at two one-sided limits in order to
determine if this limit exists (and its value if it does exist).

lim (10+|x—5|) = lim (10— (x—5)) = lim (15-x) =10 recall x -5~ implies x <5

x—>57 x—>57 x—>57
}Lr? (10 +|x—5|) = }LI? (10+(x —5)) = th? (5+x)=10 recall x = 5° implies x > 5

So, for this problem, we can see that,

lim (10+|x—5]) = lim (10+|x—5) =10
x—5 x5+
and so the overall limit must exist and,

lim (10 +]x - 5]) =[10]

x—>57

Lot+1
13. Evaluate lim——, if it exists.
>-fe+1

Hint : Recall the mathematical definition of the absolute value function and that it is in fact a
piecewise function.
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Solution
Recall the definition of the absolute value function.
p p=0
Pl =
-p p<0

So, because the function inside the absolute value is zero at £ =—1 we can see that,

e t+1 t>-1
[r+1= —(t+1) t<-1

This means that we are being asked to compute the limit at the “cut—off” point in a piecewise
function and so, as we saw in this section, we’ll need to look at two one-sided limits in order to
determine if this limit exists (and its value if it does exist).

lim —— il = lim l—+1: lim-1=-1 recall # > —1" implies ¢ < -1
t—>-1" |[+l| t—-1" —(t+1) t—>-1"
lim e+l = lim =l =lim1=1 recall t — —1" implies ¢ > —1

t—>-1" [+1 t—>-1"

So, for this problem, we can see that,

lim —— £+ —-1#1=lim —— t+1
e ] e+ |

and so the overall limit does not exist.

14. Given that 7x < f ( )< 3x” +2 for all x determine the value of hm f ( )

Hint : Recall the Squeeze Theorem.

Solution
This problem is set up to use the Squeeze Theorem. First, we already know that f (x) is always

between two other functions. Now all that we need to do is verify that the two “outer” functions
have the same limit at x =2 and if they do we can use the Squeeze Theorem to get the answer.

lim7x =14 1m¢a#+2}44

x—2 x—2

So, we have,
lim 7x = lim (3x” +2) =14

x—2 x—2

and so by the Squeeze Theorem we must also have,
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lim f(x) =14

x—2

15. Use the Squeeze Theorem to determine the value of lim x* sin (EJ .
x—0 X

Hint : Recall how we worked the Squeeze Theorem problem in this section to find the lower and
upper functions we need in order to use the Squeeze Theorem.

Solution
We first need to determine lower/upper functions. We’ll start off by acknowledging that
provided x # 0 (which we know it won’t be because we are looking at the limit as x — 0) we

will have,
—1<sin (Ej <1
X

Now, simply multiply through this by x* to get,

(
—x* < x*sin (—J <x*
X

Before proceeding note that we can only do this because we know that x* >0 for x # 0. Recall
that if we multiply through an inequality by a negative number we would have had to switch the

signs. So, for instance, had we multiplied through by x* we would have had issues because this
is positive if x >0 and negative if x <0 .

Now, let’s get back to the problem. We have a set of lower/upper functions and clearly,

lim x* =1im(—x4)=o

x—0 x—0

Therefore, by the Squeeze Theorem we must have,

. (x
lim x* sin (—j =0
x—0 X

Infinite Limits
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9 L o .
1. For f (x) =——— evaluate the indicated limits, if they exist.

(x-3)

@ lim /' (x) (®) lim f(x) (¢) lim £ (x)

@l (9

Let’s start off by acknowledging that for x — 3~ we know x <3.
For the numerator we can see that, in the limit, it will just be 9.

The denominator takes a little more work. Clearly, in the limit, we have,
x-3—-0
but we can actually go a little farther. Because we know that x <3 we also know that,

x-3<0

More compactly, we can say that in the limit we will have,
x=3->0"

Raising this to the fifth power will not change this behavior and so, in the limit, the denominator
will be,

(x-3) =0

We can now do the limit of the function. In the limit, the numerator is a fixed positive constant
and the denominator is an increasingly small negative number. In the limit, the quotient must
then be an increasing large negative number or,

lim s - —0o0
x—37 (x_3)

Note that this also means that there is a vertical asymptote at x =3.
(b) lim f(x)
x—3"
Let’s start off by acknowledging that for x — 3" we know x > 3.
As in the first part the numerator, in the limit, it will just be 9.
The denominator will also work similarly to the first part. In the limit, we have,
x-3—-0

and because we know that x >3 we also know that,
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x=3>0

More compactly, we can say that in the limit we will have,

x=3->0"

Raising this to the fifth power will not change this behavior and so, in the limit, the denominator
will be,

x-3) >0
(x-3)

We can now do the limit of the function. In the limit, the numerator is a fixed positive constant
and the denominator is an increasingly small positive number. In the limit, the quotient must then
be an increasing large positive number or,

im —=w

X3t (x_3)5

Note that this also means that there is a vertical asymptote at x =3, which we already knew from
the first part.

(¢) lim f (x)
In this case we can see from the first two parts that,
li # li
fm f(x)= fim /()

and so, from our basic limit properties we can see that lin} f (x) does not exist.
x>

For the sake of completeness and to verify the answers for this problem here is a quick sketch of
the function.

Jix)
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2t
2.For h (t) = 6_ evaluate the indicated limits, if they exist.
+t

(a) lim A (¢) (b) lim A(r) (¢) lim A (1)

t—>—6" t—>—6" t—>—6

(a) lim A(¢)

t—>—6"

Let’s start off by acknowledging that for £ - —6~ we know ¢ <—6.
For the numerator we can see that, in the limit, we will get -12.

The denominator takes a little more work. Clearly, in the limit, we have,
6+t—0

but we can actually go a little farther. Because we know that ¢ < —6 we also know that,
6+1<0

More compactly, we can say that in the limit we will have,
6+t—>0"

So, in the limit, the numerator is approaching a negative number and the denominator is an
increasingly small negative number. The quotient must then be an increasing large positive
number or,

) 2t
lim —— =
>-6 6+t

Note that this also means that there is a vertical asymptote at  =—6.
(b) lim A(¢)
t—>—6"

Let’s start off by acknowledging that for £ — —6" we know ¢ > —6.
For the numerator we can see that, in the limit, we will get -12.

The denominator will also work similarly to the first part. In the limit, we have,
6+t—>0

but we can actually go a little farther. Because we know that £ > —6 we also know that,
6+t>0

More compactly, we can say that in the limit we will have,
6+t—0"
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So, in the limit, the numerator is approaching a negative number and the denominator is an
increasingly small positive number. The quotient must then be an increasing large negative
number or,

Note that this also means that there is a vertical asymptote at # = —6, which we already knew
from the first part.

¢) limA(¢
( ) t—>-6 ( )
In this case we can see from the first two parts that,

lim A(¢) = lim A(z)

t——6" t—>-6"

and so, from our basic limit properties we can see that lim 4 (t) does not exist.

t—>—6

For the sake of completeness and to verify the answers for this problem here is a quick sketch of
the function.

hir)
|
|
[——— = | | ol I L ¢
SJ0 -9 g <7 b S B -2 -l 1
|
[
I
z+3 L o .
3.For g (z) =——— evaluate the indicated limits, if they exist.
(z+1)
li b) li li
® Jim £(2) ® fim £(z) © fimg(z)

(a) zlil}?_ g (Z)

Let’s start off by acknowledging that for z - —1" we know z <—1.
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For the numerator we can see that, in the limit, we will get 2.

Now let’s take care of the denominator. In the limit, we will have,
z+1->0"
and upon squaring the z +1 we see that, in the limit, we will have,

(z+1)" > 0°

So, in the limit, the numerator is approaching a positive number and the denominator is an
increasingly small positive number. The quotient must then be an increasing large positive
number or,

) z+3
hm?—z:oo
2>l (Z+1)

Note that this also means that there is a vertical asymptote at z =—1.

b) lim
( ) z—>-1* g (Z)
Let’s start off by acknowledging that for z — —1" we know z > 1.

For the numerator we can see that, in the limit, we will get 2.

Now let’s take care of the denominator. In the limit, we will have,
z+1->0"
and upon squaring the z+1 we see that, in the limit, we will have,

(z+1)" =0

So, in the limit, the numerator is approaching a positive number and the denominator is an
increasingly small positive number. The quotient must then be an increasing large positive
number or,

) z+3
lim —=®
e (Z+1)

Note that this also means that there is a vertical asymptote at z = —1, which we already knew
from the first part.

¢) limg(z
( ) z——1 g( )
In this case we can see from the first two parts that,

lim g(z)= lim g(z)=o0

z—>-1" z—-1"
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and so, from our basic limit properties we can see that,

lim g(z) =0

z—>-1

For the sake of completeness and to verify the answers for this problem here is a quick sketch of

the function.
£12)

-
|
|

—

Ll e
i

d=
1
ias
1
k2
|
-
(=]

+7
4.For g (x) =2 evaluate the indicated limits, if they exist.
x’—4

(@) lim g(x) (b) lim g(x) (¢) lim g ()

® fime(x)

Let’s start off by acknowledging that for x — 2~ we know x<2.
For the numerator we can see that, in the limit, we will get 9.

Now let’s take care of the denominator. First, we know that if we square a number less than 2
(and greater than -2, which it is safe to assume we have here because we’re doing the limit) we
will get a number that is less that 4 and so, in the limit, we will have,

X -4-0

So, in the limit, the numerator is approaching a positive number and the denominator is an
increasingly small negative number. The quotient must then be an increasing large negative
number or,
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.ox+7
lim =—0

2" x> —4

Note that this also means that there is a vertical asymptote at x =2 .

® i (2

Let’s start off by acknowledging that for x — 2" we know x> 2.
For the numerator we can see that, in the limit, we will get 9.

Now let’s take care of the denominator. First, we know that if we square a number greater than 2
we will get a number that is greater than 4 and so, in the limit, we will have,

X’ -4-0

So, in the limit, the numerator is approaching a positive number and the denominator is an
increasingly small positive number. The quotient must then be an increasing large positive
number or,

.o x+7
lim

x—2" x2 —4

Note that this also means that there is a vertical asymptote at x =2, which we already knew from
the first part.

¢) limg(x
( ) x—2 g( )
In this case we can see from the first two parts that,

lim g(x) = xlirzn g(x)

x—>2°

and so, from our basic limit properties we can see that lin} g (x) does not exist.
x—>

For the sake of completeness and to verify the answers for this problem here is a quick sketch of
the function.
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gix)

-

-

|l-||_.

Bk

'.u-|l-
]

As we’re sure that you had already noticed there would be another vertical asymptote at x =—2
for this function. For the practice you might want to make sure that you can also do the limits for
that point.

5. For h (x) =In (—x) evaluate the indicated limits, if they exist.

(a) lim A(x) (b) lim /(x) (¢) lim A (x)

x—>0" x—=>0"

Hint : Do not get excited about the —x inside the logarithm. Just recall what you know about
natural logarithms, where they exist and don’t exist and the limits of the natural logarithm at

x=0.

(a) lim A (x)
x—0
Okay, let’s start off by acknowledging that for x — 0~ we know x <0 and so —x >0 or,
—-x—>0"
What this means for us is that this limit does make sense! We know that we can’t have negative
arguments in a logarithm, but because of the negative sign in this particular logarithm that means
that we can use negative x’s in this function (positive x’s on the other hand will now cause

problems of course...).

By Example 6 in the notes for this section we know that as the argument of a logarithm
approaches zero from the right (as ours does in this limit) then the logarithm will approach —oo.

Therefore, the answer for this part is,
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lim In(x) = —o0

x—0"

(b) lim /(x)

x—0*
In this part we know that for x — 0" we have x >0 and so —x <0. At this point we can stop.
We know that we can’t have negative arguments in a logarithm and for this limit that is exactly

what we’ll get and so lim 4 (x) does not exist.
x—0"

¢) limh(x

( ) x—=0 ( )

The answer for this part is linolh (x) does not exist. We can use two lines of reasoning to justify
x>

this.

First, we are unable to look at both sides of the point in question and so there is no possible way
for the limit to exist.

The second line of reasoning is really the same as the first, but put in different terms. From the
first two parts that,

lim A (x)# lim A(x

x—0" ( ) x—0" ( )

and so, from our basic limit properties we can see that lim /4 (x) does not exist.

x—0

For the sake of completeness and to verify the answers for this problem here is a quick sketch of

the function.
hix)

6. For R(y)=tan(y) evaluate the indicated limits, if they exist.
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(a) lim R(y) (b) lim R(y) (¢) lim R(y)

3r 3n
3T 3
y 2 y— 2

Hint : Don’t forget the graph of the tangent function.

(a) lim R(y)

3z
y=5

The easiest way to do this problem is from the graph of the tangent function so here is a quick

sketch of the tangent function over several periods.
Riy)

From the sketch we can see that,

lim tan(y)=oo

3n
3
Y75

) lim R(y)

From the graph in the first part we can see that,

lim tan(y)=—o0
y=>3E"

(© lim R ()
From the first two parts that,
lim R(y)# lim R(y)

y=> y>3z

and so, from our basic limit properties we can see that lim R ( y) does not exist.

3
Y75
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. : 7
7. Find all the vertical asymptotes of f (x) = —x4
(1 0- 3x)

Hint : Remember how vertical asymptotes are defined and use the examples above to help

determine where they are liable to be for the given function. Once you have the locations for the
possible vertical asymptotes verify that they are in fact vertical asymptotes.

Solution
Recall that vertical asymptotes will occur at x = @ if any of the limits (one-sided or overall limit)
at x =a are plus or minus infinity.

From previous examples we can see that for rational expressions vertical asymptotes will occur
where there is division by zero. Therefore it looks like the only possible vertical asymptote will

beat x=12.

Now let’s verify that this is in fact a vertical asymptote by evaluating the two one-sided limits,
. 7 . 7
lim —x4 and lim al
x—>1 (1 0- 3x)

4

x40 (l 0- 3x)
In either case as x — 4 (from both left and right) the numerator goes to 2.

For the one-sided limits we have the following information,

x_)%7 = x<% f— -x>0 = 10-3x>0

10
3
x_)%+ = x> = %—x<0 = 10-3x<0

Now, because of the exponent on the denominator is even we can see that for either of the one-
sided limits we will have,

(10-3x)" - 0"

So, in either case, in the limit, the numerator approaches a fixed positive number and the
denominator is positive and increasingly small. Therefore, we will have,

) Tx . Tx . Tx
lim ————=o Iim —————=w im————=w

=1 (10-3x)" =1 (10-3x)" =% (10-3x)’

Any of these limits indicate that there is in fact a vertical asymptote at x =12.

-8

8. Find all the vertical asymptotes of g (x) = m
xX+5)(x—
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Hint : Remember how vertical asymptotes are defined and use the examples above to help
determine where they are liable to be for the given function. Once you have the locations for the
possible vertical asymptotes verify that they are in fact vertical asymptotes.

Solution
Recall that vertical asymptotes will occur at x = @ if any of the limits (one-sided or overall limit)
at x =a are plus or minus infinity.

From previous examples we can see that for rational expressions vertical asymptotes will occur
where there is division by zero. Therefore it looks like we will have possible vertical asymptote
at x=-5and x=9.

Now let’s verify that these are in fact vertical asymptotes by evaluating the two one-sided limits
for each of them.

Let’s start with x =—5. We’ll need to evaluate,
-8 -8
s (x+5)(x-9) " o (x+5)(x-9)

In either case as x — —5 (from both left and right) the numerator is a constant -8.

For the one-sided limits we have the following information,

x—>-5 = x<-5 = x+5<0

x=>-5 = x>-5 = x+5>0

Also, note that for x’s close enough to -5 (which because we’re looking at x — —5 is safe
enough to assume), we will have x—9 <0.

So, in the left-hand limit, the numerator is a fixed negative number and the denominator is
positive (a product of two negative numbers) and increasingly small. Likewise, for the right-hand
limit, the denominator is negative (a product of a positive and negative number) and increasingly
small. Therefore, we will have,

-8 -8

lim ——— = d lim ——— =
S ) (x-9) " S (x+9)(x=9)

Now for x =9 . Again, the numerator is a constant -8. We also have,

x—>9 = x<9 = x-9<0

x—=29 = x>9 = x-9>0
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Finally, for x’s close enough to 9 (which because we’re looking at x — 9 is safe enough to

assume), we will have x+5>0.

So, in the left-hand limit, the numerator is a fixed negative number and the denominator is
negative (a product of a positive and negative number) and increasingly small. Likewise, for the
right-hand limit, the denominator is negative (a product of two negative numbers) and
increasingly small. Therefore, we will have,

-8 -8

lim—— = d lim— =
o (x45)(x-9) . S (xes)(x-9)

So, as all of these limits show we do in fact have vertical asymptotes at x =—5 andx=9..

Limits At Infinity, Part I

1. For f (x) =4x" —18x” +9 evaluate each of the following limits.

(a) lim f(x) (b) lim f'(x)

(a) lim f(x)

To do this all we need to do is factor out the largest power of x from the whole polynomial and
then use basic limit properties along with Fact 1 from this section to evaluate the limit.

lim (4x” ~18x* +9) = lim {)ﬂ (4—§+%ﬂ
X—>—0 X—>—0 X X

:( lim x7)[ lim (4—§+%H =(-0)(4) ===l

X——© X—>—00 X X

(b) lim £ (x)

X—00
For this part all of the mathematical manipulations we did in the first part did not depend upon the
limit itself and so don’t need to be redone here. We can pick up the problem right before we
actually took the limits and then proceed.

lim (4x7 ~18x> +9) = (lim x7){lim(4—i—§+%ﬂ = (0)(4) =[w0]

X—© X—© X—©
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2.For h (t) =3/t +12¢t —2¢* evaluate each of the following limits.
(a) tlirgh(t) (b) }ggh(t)

@ Jlim h(1)
To do this all we need to do is factor out the largest power of x from the whole polynomial and
then use basic limit properties along with Fact 1 from this section to evaluate the limit.

Note as well that we’ll convert the root over to a fractional exponent in order to allow it to be
casier to deal with. Also note that this limit is a perfectly acceptable limit because the root is a
cube root and we can take cube roots of negative numbers! We would only have run into
problems had the index on the root been an even number.

1
lim [13 +121—2t2j=[1i t’ i5+£—2
/3

t—>—0

:([lirgolz) lim i5+%—2 = (0)(-2) =[==0]
3

(b) }ggh(z)

For this part all of the mathematical manipulations we did in the first part did not depend upon the
limit itself and so don’t need to be redone here. We can pick up the problem right before we
actually took the limits and then proceed.

1
lim[ﬂ +12t—2t2J=(limt2) lim i5+%—2 = (0)(-2) =[==0]

t—>x© t—>w© t—>x© el
t3

8 —4x’
3. For f(X):m

(a) Evaluate lirfl f (x)

answer each of the following questions.

(b) Evaluate lim f (x) .

(c) Write down the equation(s) of any horizontal asymptotes for the function.
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(a) Evaluate lirfl f (x)

To do this all we need to do is factor out the largest power of x that is in the denominator from
both the denominator and the numerator. Then all we need to do is use basic limit properties
along with Fact 1 from this section to evaluate the limit.

2 8 8
g4 (xz_4 B g
llmz—: lm—szhmx 5 = —
x>-0Qx* 4 Sy  xo-w xz (9+j X—>—00 94> 9
X X

(b) Evaluate lim f'(x).

For this part all of the mathematical manipulations we did in the first part did not depend upon the
limit itself and so don’t really need to be redone here. However, it is easy enough to add them in
so we’ll go ahead and include them.

o 8 j 8
4y x(2_4 o4 C
8-4x i\ _mx |

1 2 = 5 3
X Ox" +5x =« x2 (94_) ¥ 9+= 9
X X

(c) Write down the equation(s) of any horizontal asymptotes for the function.

We know that there will be a horizontal asymptote for x — —oo if lim f (x) exists and is a

X—>—o0

finite number. Likewise we’ll have a horizontal asymptote for x — oo if lim f (x) exists and is

X—>0

a finite number.

Therefore, from the first two parts, we can see that we will get the horizontal asymptote,

4

y=—§

for both x - —o0 and x — 0.

3x7 —4x* +1
4. For f(X):W

(a) Evaluate lir? f (x)

answer each of the following questions.

(b) Evaluate lim f'(x) .

(¢) Write down the equation(s) of any horizontal asymptotes for the function.
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(a) Evaluate lirfl f (x)

To do this all we need to do is factor out the largest power of x that is in the denominator from
both the denominator and the numerator. Then all we need to do is use basic limit properties
along with Fact 1 from this section to evaluate the limit.

1
3x7 —4x? +1 x2(3x5_4+x2j 3 -4
lim 2 = iy - im — _
-0 5_-10x X—>—m xz (—10) X—>—0 ~ 10 -10

(b) Evaluate lim f'(x).

For this part all of the mathematical manipulations we did in the first part did not depend upon the
limit itself and so don’t really need to be redone here. However, it is easy enough to add them in
so we’ll go ahead and include them.

1 1
138 -4+ S_ 44—
3x" —4x*+1 x(x x’ X 4+x2 0
1m 2 :hm :hm = :
x—o  5-10x x—>® 5 5 xX—>®© 5 -10
X[ = =10 =10
X X

(c) Write down the equation(s) of any horizontal asymptotes for the function.

We know that there will be a horizontal asymptote for x — —oo if lim f (x) exists and is a

X—>—o0

finite number. Likewise we’ll have a horizontal asymptote for x — oo if lim f (x) exists and is

X—>0

a finite number.

Therefore, from the first two parts, we can see that this function will have no horizontal
asymptotes since neither of the two limits are finite.

20x* = 7x°

> For f(x) - 2x+9x* +5x*

(a) Evaluate lirfl f (x)

answer each of the following questions.

(b) Evaluate lim f (x) .

(c) Write down the equation(s) of any horizontal asymptotes for the function.

(a) Evaluate lirfl f (x)
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To do this all we need to do is factor out the largest power of x that is in the denominator from
both the denominator and the numerator. Then all we need to do is use basic limit properties
along with Fact 1 from this section to evaluate the limit.

7 7
20x* —7x° X4(2O_xj 20-—" 9
lim ————""— = lim = lim ——X == _[4]
-0 2x+9x7 +5x" o 4,2 9 x>0 29 5
X' —5+—5+5 —+—+5
X X X X

(b) Evaluate lim f (x) .

For this part all of the mathematical manipulations we did in the first part did not depend upon the
limit itself and so don’t really need to be redone here. However, it is easy enough to add them in
so we’ll go ahead and include them.

7 7
20x* — 7% X4(2O_xj 20-—" 9
lim ———=lim =lim——X == -[4]
o 2x+9x" +5x7 e 4,2 9 o 29 5
X' —5+—5+5 —+—5+5
X X X X

(c) Write down the equation(s) of any horizontal asymptotes for the function.

We know that there will be a horizontal asymptote for x — —oo if lim f (x) exists and is a
X——00

finite number. Likewise we’ll have a horizontal asymptote for x — oo if lim f (x) exists and is
X—>0

a finite number.

Therefore, from the first two parts, we can see that we will get the horizontal asymptote,

y=4
for both x — —c0 and x — 0.
3
—2x+11
6. For f (x) = % answer each of the following questions.
—6x

(a) Evaluate lirfl f (x)
(b) Evaluate lim f (x) )

(c) Write down the equation(s) of any horizontal asymptotes for the function.

(a) Evaluate lir? f (x)
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To do this all we need to do is factor out the largest power of x that is in the denominator from
both the denominator and the numerator. Then all we need to do is use basic limit properties
along with Fact 1 from this section to evaluate the limit.

s(1 2 11 1 2 11
X —2x+11 ol R 2 a5 0
lim—szlim :limuz—:@
X——w 3 — 6x X—>—0 5 (3 _ j X—>—0 i . 6 _6
x| —5-6 5
X X

(b) Evaluate lim f (x) .

For this part all of the mathematical manipulations we did in the first part did not depend upon the
limit itself and so don’t really need to be redone here. However, it is easy enough to add them in
so we’ll go ahead and include them.

x5(1_2+11j L_2 1
- 2,40 2T at s
TRl LV PR C A M APANS TP S S SIS 1
X—>00 3_6x X—w 5 i_ X—w i_ _6
x| -6 =6
X X

(c) Write down the equation(s) of any horizontal asymptotes for the function.

We know that there will be a horizontal asymptote for x — —oo if lim f (x) exists and is a
X—>—o0
finite number. Likewise we’ll have a horizontal asymptote for x — oo if lim f (x) exists and is
X—>0
a finite number.

Therefore, from the first two parts, we can see that we will get the horizontal asymptote,

y=0
for both x = —o0 and x — 0.

6 4 2
x —=x"+x -1
7o S ()= et

(a) Evaluate lirfl f (x)

answer each of the following questions.

(b) Evaluate lim f (x) )

(c) Write down the equation(s) of any horizontal asymptotes for the function.

(a) Evaluate lir? f (x)
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To do this all we need to do is factor out the largest power of x that is in the denominator from
both the denominator and the numerator. Then all we need to do is use basic limit properties
along with Fact 1 from this section to evaluate the limit.

6 11 1 1 1 1
l-—+——— -y
o oxt=xtex -1 x( xoxt X . 1x2+x4 X0 |1
hm#: m = lim =|=
S TS A0 410 o o[, 4 10) e 4 10 |7
X 7+73+76 7+73+76
x X x X

(b) Evaluate lim f (x) .

For this part all of the mathematical manipulations we did in the first part did not depend upon the
limit itself and so don’t really need to be redone here. However, it is easy enough to add them in
so we’ll go ahead and include them.

1 1 1 1 1 1
-+ ——— _—
X =xtexT-1 * ( xoxt xS . I x2+x4 x° 1
hm#: lim =1lim =|=
-0 Tx° +4x° +10 X—>®0 6 4 10 X—® 4 10 7
x| T+ 5+ — T+—+—
X X X X

(c) Write down the equation(s) of any horizontal asymptotes for the function.

We know that there will be a horizontal asymptote for x — —oo if lim f (x) exists and is a
X——00

finite number. Likewise we’ll have a horizontal asymptote for x — oo if lim f (x) exists and is
X—>0

a finite number.

Therefore, from the first two parts, we can see that we will get the horizontal asymptote,

_1
a
for both x — —00 and x — .
V7 +9x°
8.For f (x) MY answer each of the following questions.

1-2x
(a) Evaluate lim f (x)

(b) Evaluate lim f'(x) .

(c) Write down the equation(s) of any horizontal asymptotes for the function.
(a) Evaluate lim f (x) .
X—>—00
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To do this all we need to do is factor out the largest power of x that is in the denominator from
both the denominator and the numerator. Then all we need to do is use basic limit properties
along with Fact 1 from this section to evaluate the limit.

In this case the largest power of x in the denominator is just x and so we will need to factor an x
out of both the denominator and the numerator. Recall as well that this means we’ll need to

factor an x> out of the root in the numerator so that we’ll have an x in the numerator when we are
done.

So, let’s do the first couple of steps in this process to get us started.

2 7 7 7
L 49 2 |1 !
i V7 +9x7 i ¥ (xz i j \/x_ ) +9 |x| 2 +9

li 1m1—:1im1—:1im1—
x 1=2x > x(—Zj P x(—Zj x x(—Zj
X X X

Recall from the discussion in this section that,

2
v =

and we do need to be careful with that.

Now, because we are looking at the limit x — —o0 it is safe to assume that x < 0. Therefore,
from the definition of the absolute value we get,

x| = -
and the limit is then,
7 7
P —X 72+9 — 72+9 _
hmﬂﬂiszﬁL—:mf 93
x»-o | =2x X——0 x(_zj X—>—0© 1, -2 2
X X

(b) Evaluate lim f (x) )

For this part all of the mathematical manipulations we did in the first part up to dealing with the
absolute value did not depend upon the limit itself and so don’t really need to be redone here. So,
up to that part we have,

7
Jroe . P20
im =lim
X—0 1_2x X—0© (1 j
x| ——2
X

In this part we are looking at the limit x —> o0 and so it will be safe to assume in this part that

x> 0. Therefore, from the definition of the absolute value we get,

x| = x
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and the limit is then,

—+ x2+9 NG 3

\/7 9x?
=lm——=—=|—=

X
x»oc 1-2x x»oc (_2j X—>00 1_2 -2
X X

(c) Write down the equation(s) of any horizontal asymptotes for the function.

We know that there will be a horizontal asymptote for x — —oo if lim f (x) exists and is a

X—>—o0

finite number. Likewise we’ll have a horizontal asymptote for x — oo if lim f (x) exists and is

X—>0

a finite number.

Therefore, from the first two parts, we can see that we will get the horizontal asymptote,

_3
a
for x — —oo0 and we have the horizontal asymptote,
__3
4 2
for x > 0.
9. For f (x) = x—-i-8 answer each of the following questions
N2x7+3

(a) Evaluate lir? f (x)
(b) Evaluate lim f'(x) .

(c) Write down the equation(s) of any horizontal asymptotes for the function.

(a) Evaluate lirfl f (x)

To do this all we need to do is factor out the largest power of x that is in the denominator from
both the denominator and the numerator. Then all we need to do is use basic limit properties
along with Fact 1 from this section to evaluate the limit.

For the denominator we need to be a little careful. The power of x in the denominator needs to be
outside of the root so it can cancel against the x’s in the numerator. The largest power of x
outside of the root that we can get (and leave something we can deal with in the root) will be just

x. We get this by factoring an x> out of the root.

So, let’s do the first couple of steps in this process to get us started.
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x(1+8j
X )
= lim

) x+8 )
xlirgz 2 - XILIEO 3 x—
V2x* +3 x2(2+2j

= lim
Jx* 2+i2 x+w|x| 2+i2
X X X

Recall from the discussion in this section that,

2
v =

and we do need to be careful with that.

Now, because we are looking at the limit x — —o0 it is safe to assume that x < 0. Therefore,
from the definition of the absolute value we get,

and the limit is then,

(b) Evaluate lim f (x) )

For this part all of the mathematical manipulations we did in the first part up to dealing with the
absolute value did not depend upon the limit itself and so don’t really need to be redone here. So,
up to that part we have,

( 8)
x| 1+—
lim—2 fim al

X—>0 l2x2+3 X—>0 i

2+ 5

X

In this part we are looking at the limit x —> o0 and so it will be safe to assume in this part that
x> 0. Therefore, from the definition of the absolute value we get,

o=
and the limit is then,
X 1+§ 1+§
lim \/Zizhm =1lim = ﬁ
2x+3 X 2+i2 ‘/2+%
X X

(c) Write down the equation(s) of any horizontal asymptotes for the function.
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We know that there will be a horizontal asymptote for x — —oo if lim f (x) exists and is a
X—>—o0

finite number. Likewise we’ll have a horizontal asymptote for x — oo if lim f (x) exists and is
X—>0

a finite number.

Therefore, from the first two parts, we can see that we will get the horizontal asymptote,

1

h

for x =& —o0 and we have the horizontal asymptote,

1

G

for x > 0.

8+x—4x°
10. For f (x) =————— answer each of the following questions.
N6+ x> +7x"

(a) Evaluate lir? f (x)
(b) Evaluate lim f'(x) .

(c) Write down the equation(s) of any horizontal asymptotes for the function.

(a) Evaluate lir? f (x)

To do this all we need to do is factor out the largest power of x that is in the denominator from
both the denominator and the numerator. Then all we need to do is use basic limit properties
along with Fact 1 from this section to evaluate the limit.

For the denominator we need to be a little careful. The power of x in the denominator needs to be

outside of the root so it can cancel against the x’s in the numerator. The largest power of x
outside of the root that we can get (and leave something we can deal with in the root) will be just

x”. We get this by factoring an x* out of the root.

So, let’s do the first couple of steps in this process to get us started.

© 2007 Paul Dawkins 66 http://tutorial. math.lamar.edu/terms.aspx


http://tutorial.math.lamar.edu/terms.aspx

Calculus I

x’ i+——4
8+ x—4x* ) X2 x
| = lim
e Je+xi+T7xt 7 | (6 1
X 74+72+7
X X
x2(8+1—4j x2(8+1—4j
) XX x . X x
= lim = lim

Recall from the discussion in this section that,

2
V' =]
Vx* :‘xz‘:xz

and note that we can get rid of the absolute value bars because we know that x> > 0. So, let’s
finish the limit up.

So in this case we’ll have,

8 1
R4 Ay’ x2(2+—4j ﬁz+l_4 ~
im—— " iy X g x|
—>—w© [6+x2+7x4 X—>—00 6 1 X—>—0 6 1 \/7
X2 74+72+7 74+72+7
X X X X

(b) Evaluate lim f (x) .

Unlike the previous two problems with roots in them all of the mathematical manipulations in this

case did not depend upon the actual limit because we were factoring an x° out which will always
be positive and so there will be no reason to redo all of that work.

Here is this limit (with most of the work excluded),
For this part all of the mathematical manipulations we did in the first part up to dealing with the

absolute value did not depend upon the limit itself and so don’t really need to be redone here. So,
up to that part we have,

x’ §+1—4 i 1_4
8+x—4x° x|

"%\/6+x +7x* o /% L+7 o 7+L+7 N
x x

(c) Write down the equation(s) of any horizontal asymptotes for the function.
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We know that there will be a horizontal asymptote for x — —oo if lim f (x) exists and is a
X—>—o0

finite number. Likewise we’ll have a horizontal asymptote for x — oo if lim f (x) exists and is
X—>0

a finite number.

Therefore, from the first two parts, we can see that we will get the horizontal asymptote,

4

g

For both x > —00 and x > 0.

Limits At Infinity, Part II

3
1. For f (x) =" evaluate each of the following limits.

(a) lim f(x) (b) lim f (x)

X—>—oo0

(a) lim f(x)
First notice that,
lim (8+2x—x3) =

X—>—0
If you aren’t sure about this limit you should go back to the previous section and work some of
the examples there to make sure that you can do these kinds of limits.

Now, recalling Example 1 from this section, we know that because the exponent goes to infinity

in the limit the answer is,
3
hm e8+2x—x —

X—>—0

(b) lim f'(x)
First notice that,
lim(8+2x—x3)= —o0

X—>0
If you aren’t sure about this limit you should go back to the previous section and work some of
the examples there to make sure that you can do these kinds of limits.
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Now, recalling Example 1 from this section, we know that because the exponent goes to negative
infinity in the limit the answer is,

hm e8+2x—x3 — @

X—>©

6x2+x

2.For f (x) =e > evaluate each of the following limits.

(a) lim f(x) (b) lim f(x)

(a) lim f (x)
X——0
First notice that,
. 6x"+x
lim ——=
x>-o 54 3x
If you aren’t sure about this limit you should go back to the previous section and work some of

the examples there to make sure that you can do these kinds of limits.

Now, recalling Example 1 from this section, we know that because the exponent goes to negative
infinity in the limit the answer is,

6x2+x
hm e S5+3x  —
X—>—0
(b) lim f'(x)
X—>00
First notice that,
6x> +x
Im——=o
x> 543x

If you aren’t sure about this limit you should go back to the previous section and work some of
the examples there to make sure that you can do these kinds of limits.

Now, recalling Example 1 from this section, we know that because the exponent goes to infinity
in the limit the answer is,

6x%+x

lime 5% —

X—>00

3. For f(x)=2e"" —e " —10e" evaluate each of the following limits.

(a) lim f(x) (b) lim f'(x)
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Hint : Remember that if there are two terms that seem to be suggesting that the function should be
going in opposite directions that you’ll need to factor out of the function that term that is going to
infinity faster to “prove” the limit.

(a) lim f(x)

For this limit the exponentials with positive exponents will simply go to zero and there is only
one exponential with a negative exponent (which will go to infinity) and so there isn’t much to do

with this limit.
lim (2~ —10e* ) = 0— 00— 0 =[o0]

X—-o

(b) lim f'(x)

Here we have two exponents with positive exponents and so both will go to infinity in the limit.
However each term has opposite signs and so each term seems to be suggesting different answers
for the limit.

In order to determine which “wins out” so to speak all we need to do is factor out the term with
the largest exponent and then use basic limit properties.

lim (2¢** —¢ 7" =10 ) = lim| e** (2—¢"** ~10¢ >*) | = (0)(2) =

X—>0 X—>0

4.For f (x) =3e ™ —8e ™ —e'" evaluate each of the following limits.

(a) lim f(x) (b) }Cglgcf(x)

X—>—00

Hint : Remember that if there are two terms that seem to be suggesting that the function should be
going in opposite directions that you’ll need to factor out of the function that term that is going to
infinity faster to “prove” the limit.

(a) lim f(x)

Here we have two exponents with negative exponents and so both will go to infinity in the limit.
However each term has opposite signs and so each term seems to be suggesting different answers
for the limit.

In order to determine which “wins out” so to speak all we need to do is factor out the term with
the most negative exponent and then use basic limit properties.

lim (3e*x —8e " —elox) = lim [efsx (3e4x —~8—e"" )} =(0)(-8) =

X—>—0 X—>—0
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(b) lim f'(x)

For this limit the exponentials with negative exponents will simply go to zero and there is only
one exponential with a positive exponent (which will go to infinity) and so there isn’t much to do

with this limit.
lim(3e*x —8e™* —emx) =0-0—-o0 :

e—3x _ 2e8x . o
5.For f (x) =———- 5, ¢valuate each of the following limits.
9¢™ —Te
(a) lim f(x) (b) lim f'(x)

Hint : Remember that you’ll need to factor the term in the denominator that is causing the
denominator to go to infinity from both the numerator and denominator in order to evaluate this
limit.

(a) lirfl f(x)

The exponential with the negative exponent is the only term in the denominator going to infinity
for this limit and so we’ll need to factor the exponential with the negative exponent in the
denominator from both the numerator and denominator to evaluate this limit.
_ -3 1
e et e(1-2e")  q_pe™ 10 [ 1

Iim —————=Ilm ——— %= Ilim = =|—=
x50 Qed _ 7 xoim g3X (9e11x _7) >m Qe 7 0_7 7

(b) lim f'(x)

The exponential with the positive exponent is the only term in the denominator going to infinity
for this limit and so we’ll need to factor the exponential with the positive exponent in the
denominator from both the numerator and denominator to evaluate this limit.
_ 8x —11x _
e e e(e™-2) etv_p g-2 [ 2

lim————=lim = lim - —|_Z
2 9e™ —Te ™ xor et (9-7e ) 2 9-Te" 9-0 | 9

-7x 3x X
e —2e" —e
6. For f(x) = e +16e'" +2e*

(a) lim f(x) (b) lim f'(x)

evaluate each of the following limits.
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Hint : Remember that you’ll need to factor the term in the denominator that is causing the
denominator to go to infinity fastest from both the numerator and denominator in order to
evaluate this limit.

(a) lim f(x)

The exponentials with the negative exponents are the only terms in the denominator going to
infinity for this limit and so we’ll need to factor the exponential with the most negative exponent
in the denominator (because it will be going to infinity fastest) from both the numerator and
denominator to evaluate this limit.

Ix 2e3x _et . e%x( -3x 2e7x e5x)

lim = lim
x>0 ¥ 4166 +2e M xo-w g (e3x +16e'* + 2)

-3x 7x 5x
~ lim e 2e14 _0—-0-0 .
i ¥ 116 +2 04042

(b) lim f(x)

The exponentials with the positive exponents are the only terms in the denominator going to
infinity for this limit and so we’ll need to factor the exponential with the most positive exponent
in the denominator (because it will be going to infinity fastest) from both the numerator and
denominator to evaluate this limit.
‘ X _nad¥ _ g ‘ e!0x (e—l7x —2e ¥ _e—9x)
lim —X 10x —4x = lim 10x ( —1lx —14x
oe T +16e 7 +2e oo e (e +16+2e )

-17x —9x

e —2¢—e”*  0-0-0 @
e e 1 16+2e ™ 041640

7. Evaluate lim ln(4—9t 7 )

t—-o

Solution

First notice that,

lim (4-9¢—£*) =0

t—>-—w
If you aren’t sure about this limit you should go back to the previous section and work some of
the examples there to make sure that you can do these kinds of limits.

Now, recalling Example 5 from this section, we know that because the argument goes to infinity

in the limit the answer is,
lim In(4-9¢—¢") =[od]

t—>—©
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4 J—
8. Evaluate lim In [ 3z 28 J .
z>—o0 2+z

Solution
First notice that,
374 -8
= 00

lim >
o0 D4z
If you aren’t sure about this limit you should go back to the previous section and work some of

the examples there to make sure that you can do these kinds of limits.

Now, recalling Example 5 from this section, we know that because the argument goes to infinity
in the limit the answer is,

Z—>—0 + z

. 3-8
lim In i :

9. Evaluate lim In (wJ .

X—>w 3

x +7x

Solution
First notice that,
. 11+8x
lim ——
xoo xt +7x
If you aren’t sure about this limit you should go back to the previous section and work some of
the examples there to make sure that you can do these kinds of limits.

=0

Also, note that because we are evaluating the limit x — oo it is safe to assume that x >0 and so
we can further say that,
11+8x

3 —-0"
x +7x

Now, recalling Example 5 from this section, we know that because the argument goes to zero
from the right in the limit the answer is,

xX—® x +7x

10. Evaluate lim tan™ (7—x+3x5).

X—>—00
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Solution
First notice that,
lim (7—x+3x5) =—o0

X—>—00
If you aren’t sure about this limit you should go back to the previous section and work some of
the examples there to make sure that you can do these kinds of limits.

Now, recalling Example 7 from this section, we know that because the argument goes to negative
infinity in the limit the answer is,

lim tan™ (7—x+3x5) .

X—>—0 2

. 4+
11. Evaluate }1mtan 1( 5 7t}.
—> w0 _Z‘

Solution
First notice that,

. 4+t
lim =
> 2 — Z‘
If you aren’t sure about this limit you should go back to the previous section and work some of
the examples there to make sure that you can do these kinds of limits.

=7

Then answer is then,

t—>w 2_t

limtan™ [4 * 7t) =|tan™' (-7)

Do not get so used the “special case” limits that we tend to usually do in the problems at the end
of a section that you decide that you must have done something wrong when you run across a
problem that doesn’t fall in the “special case” category.

) 3w —9w?
12. Evaluate lim tan™ | —————|.
W 4w—w

Solution
First notice that,

. 3wt —ow!
lim ————=o
woo 4y —w
If you aren’t sure about this limit you should go back to the previous section and work some of

the examples there to make sure that you can do these kinds of limits.
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Now, recalling Example 7 from this section, we know that because the argument goes to infinity
in the limit the answer is,

Continuity

1. The graph of f (x) is given below. Based on this graph determine where the function is

discontinuous.
-S b L
- 8 4
/ » 3
! 10 L
-
| | | A | L\ I ] 1
-6 =5 -4 =3 /-2 -1 | 2 3 4 5
=1 -
b— —_— 3 b
_3 L
Solution

Before starting the solution recall that in order for a function to be continuous at x =a both

f(a) and limf(x) must exist and we must have,
X—>a

limf(x) :f(a)

X—>a

Using this idea it should be fairly clear where the function is not continuous.

First notice that at x =—4 we have,
li =3#-2=1
im f(x) Jlim_£(x)

x—>—4"

and therefore we also know that lin}4 f (x) doesn’t exist. We can therefore conclude that f (x)
x—

is discontinuous at x = —4 because the limit does not exist.
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Likewise, at x =2 we have,

lim /(x)=~1%5= lim / (x)

xX—2"

and therefore we also know that ling f (x) doesn’t exist. So again, because the limit does not
X—

exist, we can see that f (x) is discontinuous at x =2

Finally let’s take a look at x =4 . Here we can see that,

lim £ (x)=2=lim f(x)

x4~ x—4"

and therefore we also know that lin} f (x) =2. However, we can also see that f (4) doesn’t

exist and so once again f (x) is discontinuous at x =4 because this time the function does not

existat x=4.

All other points on this graph will have both the function and limit exist and we’ll have

lim f (x) =f (a) and so will be continuous.

X—>a

In summary then the points of discontinuity for this graph are : x=—4, x=2 and x=4.

2. The graph of f (x) is given below. Based on this graph determine where the function is

discontinuous.

LA Sh
T

L ]

s T .
I
I

(-

Solution

Before starting the solution recall that in order for a function to be continuous at x =a both

f (a) and lim f (x) must exist and we must have,
X—>ad

limf(x) = f(a)

X—>a

© 2007 Paul Dawkins 76 http://tutorial.math.lamar.edu/terms.aspx



http://tutorial.math.lamar.edu/terms.aspx

Calculus I

Using this idea it should be fairly clear where the function is not continuous.

First notice that at x = —8 we have,

lim f(x)=-6=lim f(x)

x—>-8" x—-8"
and therefore we also know that lim8 (x) =—6. We can also see that f (—8) =-3 and so we

have,

~6=1lim f(x)# /(-8)=—3

x—>-8

Because the function and limit have different values we can conclude that f (x) is

discontinuous at x =—8.

Next let’s take a look at x =—2 we have,

lim f(x)=3#00= lim f(x)

x—-2" x—-2"

and therefore we also know that lim (x) doesn’t exist. We can therefore conclude that
xX—>-2

f (x) is discontinuous at x =—2 because the limit does not exist.

Finally let’s take a look at x =6 . Here we can see we have,

lim f(x)=2#5=lim f(x)

xX—=6~ x—6"

and therefore we also know that ling f (x) doesn’t exist. So, once again, because the limit does
x—

not exist, we can conclude that f (x) is discontinuous at x =6.

All other points on this graph will have both the function and limit exist and we’ll have
lim f (x) =f (a) and so will be continuous.

X—>a

In summary then the points of discontinuity for this graph are : x=—8, x=-2 andx=6.

3. Using only Properties 1- 9 from the Limit Properties section, one-sided limit properties (if
needed) and the definition of continuity determine if the following function is continuous or
discontinuous at (a) x=—1,(b) x=0,(c) x=3?

4x+5
f(x) - 9)1-;x

(a) x=-1
Before starting off with the solution to this part notice that we CAN NOT do what we’ve
commonly done to evaluate limits to this point. In other words, we can’t just plug in the point to
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evaluate the limit. Doing this implicitly assumes that the function is continuous at the point and
that is what we are being asked to determine here.

Therefore the only way for us to compute the limit is to go back to the properties from the Limit
Properties section and compute the limit as we did back in that section. We won’t be putting all
the details here so if you need a little refresher on doing this you should go back to the problems
from that section and work a few of them.

So, here we go.

4%+5 ;9}1(4)64'5) ~ 41imx+)}i_gllS ~ 4(_1)+5

x—>-1

) i _ _ _ (-1
lim /()= lim 5=~ lim (9—3x) lim9—3limx 9-3(-1) /=)

x—-1 x—-1 x—-1

So, we can see that limlf(x) = f(—l) and so the function is continuous at x =—1.
X——

() x=0
For justification on why we can’t just plug in the number here check out the comment at the
beginning of the solution to (a).

Here is the work for this part.

lim(4x+5) 4limx+lim5
1imf(x)=1im4x+5=xﬁ0( )_ limxelimS _ 4(0)+5
x>0 x>09-3x 1lim(9-3x) lim9-3limx 9-3(0)

x—0 x—0 x—0

/(0)

So, we can see that lirrol (x) =f (0) and so the function is continuous at x =0.
X!

(¢) x=3
For justification on why we can’t just plug in the number here check out the comment at the

beginning of the solution to (a). Although there is also of course the problem here that f (3)

doesn’t exist and so we couldn’t plug in the value even if we wanted to.

This also tells us what we need to know however. As noted in the notes for this section if either
the function or the limit do not exist then the function is not continuous at the point. Therefore
we can see that the function is not continuous at x =3.

For practice you might want to verify that,

lim f (x)=oo lim £ (x) =—o0

x—3" x—3"

and so lim f (x) also doesn’t exist.
x—3
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4. Using only Properties 1- 9 from the Limit Properties section, one-sided limit properties (if
needed) and the definition of continuity determine if the following function is continuous or
discontinuous at (a) z=-2, (b) z=0, (¢) z=5?

6
2(2)= 25

(a) z=-2

Before starting off with the solution to this part notice that we CAN NOT do what we’ve
commonly done to evaluate limits to this point. In other words, we can’t just plug in the point to
evaluate the limit. Doing this implicitly assumes that the function is continuous at the point and
that is what we are being asked to determine here.

Of course even if we had tried to plug in the point we would have run into problems as g(—2)

doesn’t exist and this tell us all we need to know. As noted in the notes for this section if either
the function or the limit do not exist then the function is not continuous at the point. Therefore
we can see that the function is not continuous at z =—2.

For practice you might want to verify that,

lim g(z)=c0 lim g(z)=-

z—-2" z—>-2"

and so lim g(z) also doesn’t exist.
z>-2

(b) z=0
For justification on why we can’t just plug in the number here check out the comment at the
beginning of the solution to (a).

Therefore, because we can’t just plug the point into the function, the only way for us to compute
the limit is to go back to the properties from the Limit Properties section and compute the limit as
we did back in that section. We won’t be putting all the details here so if you need a little
refresher on doing this you should go back to the problems from that section and work a few of
them.

Here is the work for this part.

lim 6 lim6
i =1 — Z> — Zo>
lim g () =lim >3- 7 lim(z* =3z-10)  limz> ~3limz—im10
z—0 z—0 z—0 z—0
6
== O
0°-3(0)-10 g(0)

So, we can see that ling g(x) = g(O) and so the function is continuous at z=0.
Z—>
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() z=5
For justification on why we can’t just plug in the number here check out the comment at the

beginning of the solution to (a). Although there is also of course the problem here that g (5)
doesn’t exist and so we couldn’t plug in the value even if we wanted to.

This also tells us what we need to know however. As noted in the notes for this section if either
the function of the limit do not exist then the function is not continuous at the point. Therefore

we can see that the function is not continuous at z=5.

For practice you might want to verify that,

and so lim g(z) also doesn’t exist.
z—5

5. Using only Properties 1- 9 from the Limit Properties section, one-sided limit properties (if
needed) and the definition of continuity determine if the following function is continuous or
discontinuous at (a) x=4,(b) x=67?

g(x)=

2x x<6
x—1 x>6
(a) x=4
Before starting off with the solution to this part notice that we CAN NOT do what we’ve
commonly done to evaluate limits to this point. In other words, we can’t just plug in the point to
evaluate the limit. Doing this implicitly assumes that the function is continuous at the point and
that is what we are being asked to determine here.

Therefore the only way for us to compute the limit is to go back to the properties from the Limit
Properties section and compute the limit as we did back in that section. We won’t be putting all
the details here so if you need a little refresher on doing this you should go back to the problems
from that section and work a few of them.

For this part we can notice that because there are values of x on both sides of x =4 in the range
x <6 we won’t need to worry about one-sided limits here. Here is the work for this part.

%Cig}g(x) = %Cig}(Zx) = 2}33})( = 2(4) = g(4)

So, we can see that lin} g(x) = g(4) and so the function is continuous at x =4 .
X—>

(b) x=6
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For justification on why we can’t just plug in the number here check out the comment at the
beginning of the solution to (a).

For this part we have the added complication that the point we’re interested in is also the “cut-
off” point of the piecewise function and so we’ll need to take a look at the two one sided limits to
compute the overall limit and again because we are being asked to determine if the function is
continuous at this point we’ll need to resort to basic limit properties to compute the one-sided
limits and not just plug in the point (which assumes continuity again...).

Here is the work for this part.
lim g(x) = lirg(Zx) =2 lirlélx = 2(4) =8

X—6"
fp ()= fim(e-l)=fipx-fimi=4-1=3

So we can see that, lim g(x) # lim g(x) and so limg(x) does not exist.
X6~ x—6" xX—6

Now, as discussed in the notes for this section, in order for a function to be continuous at a point
both the function and the limit must exist. Therefore this function is not continuous at x =6

because lim g(x) does not exist.
xX—6

6. Using only Properties 1- 9 from the Limit Properties section, one-sided limit properties (if
needed) and the definition of continuity determine if the following function is continuous or
discontinuous at (a) t=-2,(b) t=10?

-1

2

t+6 t>-2

(@ t=-2

Before starting off with the solution to this part notice that we CAN NOT do what we’ve
commonly done to evaluate limits to this point. In other words, we can’t just plug in the point to
evaluate the limit. Doing this implicitly assumes that the function is continuous at the point and
that is what we are being asked to determine here.

Therefore the only way for us to compute the limit is to go back to the properties from the Limit
Properties section and compute the limit as we did back in that section. We won’t be putting all
the details here so if you need a little refresher on doing this you should go back to the problems
from that section and work a few of them.

Also notice that for this part we have the added complication that the point we’re interested in is
also the “cut-off” point of the piecewise function and so we’ll need to take a look at the two one
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sided limits to compute the overall limit and again because we are being asked to determine if the
function is continuous at this point we’ll need to resort to basic limit properties to compute the
one-sided limits and not just plug in the point (which assumes continuity again...).

Here is the work for this part.
lim 4 (¢)= lim £ =(-2)" =4

t—>-2" t—>-2"
lim g(¢)= lim (#+6)= lim t+ lim 6=-2+6=4
t—>-2" t—>-2" t—>-2" t—>-2"

So we can see that, lim h(t) = lim h(t) =4 and so lim h(t) =4.

t—>-2" t—>-2" t—>-2

Next, a quick computation shows us that / (—2) =-2+6=4 and so we can see that

tlimz h (t) =h (—2) and so the function is continuous at t =—2 .

() t=10
For justification on why we can’t just plug in the number here check out the comment at the
beginning of the solution to (a).

For this part we can notice that because there are values of z on both sides of # =10 in the range
t > -2 we won’t need to worry about one-sided limits here. Here is the work for this part.

Here is the work for this part.
limh(t) = lim(t+6) =lim¢f+1lim6=10+6 =h(10)

t—10 t—10 t—>10 t—10

So, we can see that thrlré h (t) = h(lO) and so the function is continuous at # =10.
-

7. Using only Properties 1- 9 from the Limit Properties section, one-sided limit properties (if
needed) and the definition of continuity determine if the following function is continuous or
discontinuous at (a) x =—6,(b) x=1?

I-3x x<-6

7 x=-6

g(x)= ¥ —6<x<l
1 x=1

2—x x>1

(a) x=-6
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Before starting off with the solution to this part notice that we CAN NOT do what we’ve
commonly done to evaluate limits to this point. In other words, we can’t just plug in the point to
evaluate the limit. Doing this implicitly assumes that the function is continuous at the point and
that is what we are being asked to determine here.

Therefore the only way for us to compute the limit is to go back to the properties from the Limit
Properties section and compute the limit as we did back in that section. We won’t be putting all
the details here so if you need a little refresher on doing this you should go back to the problems
from that section and work a few of them.

Also notice that for this part we have the added complication that the point we’re interested in is
also the “cut-off” point of the piecewise function and so we’ll need to take a look at the two one
sided limits to compute the overall limit and again because we are being asked to determine if the
function is continuous at this point we’ll need to resort to basic limit properties to compute the
one-sided limits and not just plug in the point (which assumes continuity again...).

Here is the work for this part.
lim g(x)= lim (1-3x)= lim 1-3 lim x=1-3(-6)=19

X—>-6" X—>-6" X—>-6" xX—>-6"
. 1 3 _ _ 3 _
xl_l)l}}g(X)—xl_l)I}}X _( 6) =216

So we can see that, lim g(x) # lim g(x) and so lim g(x) does not exist.

X—>—6~ x—>—6" X—>-6

Now, as discussed in the notes for this section, in order for a function to be continuous at a point

both the function and the limit must exist. Therefore this function is not continuous at x = —6
because lim g(x) does not exist.

X—>—6

(b) x=1
For justification on why we can’t just plug in the number here check out the comment at the
beginning of the solution to (a).

Again note that we are dealing with another “cut-off” point here so we’ll need to use one-sided
limits again as we did in the previous part.

Here is the work for this part.

limg(x): limx’ =1’ =1

x—1" x—=1
dme(x)=im(2=x)=lim2-imr=2-1=]

So we can see that, lim g(x) = lim g(x) =1 and so limg(x) =1.

P x—1" x—1
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Next, a quick computation shows us that g (1) =1 and so we can see that lim g (x) =g (1) and

x—1

so the function is continuous at x =1.

8. Determine where the following function is discontinuous.

f(x) =9

T3 12x-8

Hint : If we have two continuous functions and form a rational expression out of them recall
where the rational expression will be discontinuous. We discussed this in the Limit Properties
section, although we were using the phrase “nice enough” there instead of the word “continuity”.

Solution

As noted in the hint for this problem when dealing with a rational expression in which both the
numerator and denominator are continuous (as we have here since both are polynomials) the only
points in which the rational expression will be discontinuous will be where we have division by
ZEero0.

Therefore, all we need to do is determine where the denominator is zero and that is fairly easy for
this problem.
4
3x2+2x—8:(3x—4)(x+2)=0 = ng’ x=-2

The function will therefore be discontinuous at the points : x = g and x =-2.

9. Determine where the following function is discontinuous.

8¢
RO)= 5o

Hint : If we have two continuous functions and form a rational expression out of them recall
where the rational expression will be discontinuous. We discussed this in the Limit Properties
section, although we were using the phrase “nice enough” there instead of the word “continuity”.

Solution

As noted in the hint for this problem when dealing with a rational expression in which both the
numerator and denominator are continuous (as we have here since both are polynomials) the only
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points in which the rational expression will be discontinuous will be where we have division by
Zero.

Therefore, all we need to do is determine where the denominator is zero and that is fairly easy for
this problem.

-9t-1=0 = =-0.10977, 9.10977

9% (-9 ~4(1)(-1) _ 92485
- 2(1) 2

The function will therefore be discontinuous at the points : ¢ =

9++/85
—

10. Determine where the following function is discontinuous.
1

h(z)= 2—4cos(3z)

Hint : If we have two continuous functions and form a rational expression out of them recall
where the rational expression will be discontinuous. We discussed this in the Limit Properties
section, although we were using the phrase “nice enough” there instead of the word “continuity”.

Solution

As noted in the hint for this problem when dealing with a rational expression in which both the
numerator and denominator are continuous (as we have here since the numerator is just a constant
and the denominator is a sum of continuous functions) the only points in which the rational
expression will be discontinuous will be where we have division by zero.

Therefore, all we need to do is determine where the denominator is zero. If you don’t recall how
to solve equations involving trig functions you should go back to the Review chapter and take a

look at the Solving Trig Equations sections there.

Here is the solution work for determining where the denominator is zero. Using our calculator
we get,

2 —4cos(3z) =0 — 3x=cos”’ (%j =1.0472

The second angle will be in the fourth quadrant and is 27 —1.0472 =5.2360.

The denominator will therefore be zero at,
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3x=1.0472+27n OR 3x=5.2360+27n n=0,1,£2,...

x=0.3491+2i3” OR x=1.7453+2i3” n=0,4+1,42, ..

The function will therefore be discontinuous at the points,

x:O.3491+? OR x=1.7453+2”7” n=0,+1,%2,. ..

Note as well that this was one of the few trig equations that could be solved exactly if you know
you basic unit circle values. Here is the exact solution for the points of discontinuity.
T 27mn St 2r;n

X=—+— OR X=—+— n=0,%1,£2,...
9 3 9 3

11. Determine where the following function is discontinuous.

X
y(¥) =7 g

Hint : If we have two continuous functions and form a rational expression out of them recall
where the rational expression will be discontinuous. We discussed this in the Limit Properties
section, although we were using the phrase “nice enough” there instead of the word “continuity”.

Solution

As noted in the hint for this problem when dealing with a rational expression in which both the
numerator and denominator are continuous (as we have here since the numerator is a polynomial
and the denominator is a sum of two continuous functions) the only points in which the rational
expression will be discontinuous will be where we have division by zero.

Therefore, all we need to do is determine where the denominator is zero and that is fairly easy for
this problem.

7-e77 =0 —» e’=7 - 2x+3=In(7) = xz%(ln(7)—3)=—0.5270

1
The function will therefore be discontinuous at : x = E(ln (7) — 3) =-0.5270.

12. Determine where the following function is discontinuous.
g(x)=tan(2x)
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Hint : If we have two continuous functions and form a rational expression out of them recall
where the rational expression will be discontinuous. We discussed this in the Limit Properties
section, although we were using the phrase “nice enough” there instead of the word “continuity”.
And, yes we really do have a rational expression here...

Solution

As noted in the hint for this problem when dealing with a rational expression in which both the
numerator and denominator are continuous the only points in which the rational expression will
not be continuous will be where we have division by zero.

Also, writing the function as,
sin ( Zx)
g(x)=—m-+
cos ( Zx)
we can see that we really do have a rational expression here. Therefore, all we need to do is
determine where the denominator (i.e. cosine) is zero. If you don’t recall how to solve equations

involving trig functions you should go back to the Review chapter and take a look at the Solving
Trig Equations sections there.

Here is the solution work for determining where the denominator is zero. Using our basic unit
circle knowledge we know where cosine will be zero so we have,

2x=%+27rn OR 2x:37n+27m n=0,+1,%2,...

The denominator will therefore be zero, and the function will be discontinuous, at,

x=%+7m OR x=377r+7m n=0£1,£2,...

13. Use the Intermediate Value Theorem to show that 25 —8x> —x° = 0 has at least one root in
the interval [—2, 4] . Note that you are NOT asked to find the solution only show that at least one

must exist in the indicated interval,

Hint : The hardest part of these problems for most students is just getting started.

First, you need to determine the value of “A” that you need to use and then actually use the
Intermediate Value Theorem. So, go back to the IVT and compare the conclusions of the
theorem and it should be pretty obvious what the M should be and then just check that the

hypothesis (i.e. the “requirements” of the theorem) are met and you’ll pretty much be done.

Solution
Okay, let’s start off by defining,
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f(x)=25-8x"-x° & M=0

The problem is then asking us to show that there is a ¢ in [—2, 4] so that,
f (c) =0=M

but this is exactly the second conclusion of the Intermediate Value Theorem. So, let’s see that the
“requirements” of the theorem are met.

First, the function is a polynomial and so is continuous everywhere and in particular is continuous
on the interval [—2, 4] . Note that this IS a requirement that MUST be met in order to use the IVT

and it is the one requirement that is most often overlooked. If we don’t have a continuous
function the IVT simply can’t be used.

Now all that we need to do is verify that M is between the function values as the endpoints of the
interval. So,

f(=2)=1 f(4)=-167

Therefore we have,

f(4)=-167<0<1=f(-2)

So by the Intermediate Value Theorem there must be a number ¢ such that,
2<c<4 & f(c)=0

and we have shown what we were asked to show.

14. Use the Intermediate Value Theorem to show that w* —41n (SW + 2) =0 has at least one root

in the interval [O, 4] . Note that you are NOT asked to find the solution only show that at least

one must exist in the indicated interval,
Hint : The hardest part of these problems for most students is just getting started.

First, you need to determine the value of “M” that you need to use and then actually use the
Intermediate Value Theorem. So, go back to the IVT and compare the conclusions of the
theorem and it should be pretty obvious what the M should be and then just check that the
hypothesis (i.e. the “requirements” of the theorem) are met and you’ll pretty much be done.

Solution
Okay, let’s start off by defining,

f(w):w2—4ln(5w+2) & M=0

© 2007 Paul Dawkins 88 http://tutorial. math.lamar.edu/terms.aspx


http://tutorial.math.lamar.edu/terms.aspx

Calculus I

The problem is then asking us to show that there is a ¢ in [—2, 4] so that,
f (c) =0=M

but this is exactly the second conclusion of the Intermediate Value Theorem. So, let’s see that the
“requirements” of the theorem are met.

First, the function is a sum of a polynomial (which is continuous everywhere) and a natural
logarithm (which is continuous on w>—% - i.e. where the argument is positive) and so is
continuous on the interval [0, 4] . Note that this IS a requirement that MUST be met in order to

use the IVT and it is the one requirement that is most often overlooked. If we don’t have a
continuous function the IVT simply can’t be used.

Now all that we need to do is verify that M is between the function values as the endpoints of the
interval. So,

£(0)=-2.7726 f(4)=3.6358

Therefore we have,

£(0)=-2.7726 <0<3.6358 = f(4)

So by the Intermediate Value Theorem there must be a number ¢ such that,
0<c<4 & f (c) =0

and we have shown what we were asked to show.

15. Use the Intermediate Value Theorem to show that 4¢ +10e’ —e* =0 has at least one root in
the interval [1, 3] . Note that you are NOT asked to find the solution only show that at least one

must exist in the indicated interval,
Hint : The hardest part of these problems for most students is just getting started.

First, you need to determine the value of “M” that you need to use and then actually use the
Intermediate Value Theorem. So, go back to the IVT and compare the conclusions of the
theorem and it should be pretty obvious what the M should be and then just check that the
hypothesis (i.e. the “requirements” of the theorem) are met and you’ll pretty much be done.

Solution
Okay, let’s start off by defining,

f(t)=4r+10e" —e* & M =0
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The problem is then asking us to show that there is a ¢ in [—2, 4] so that,
f (c) =0=M

but this is exactly the second conclusion of the Intermediate Value Theorem. So, let’s see that the
“requirements” of the theorem are met.

First, the function is a sum and difference of a polynomial and two exponentials (all of which are
continuous everywhere) and so is continuous on the interval [1, 3] . Note that this IS a

requirement that MUST be met in order to use the IVT and it is the one requirement that is most
often overlooked. If we don’t have a continuous function the IVT simply can’t be used.

Now all that we need to do is verify that M is between the function values as the endpoints of the
interval. So,

f(1)=23.7938 £(3)=-190.5734

Therefore we have,

/(3)=-190.5734 <0< 23.7938 = £ (1)

So by the Intermediate Value Theorem there must be a number ¢ such that,
l<c<3 & f (c) =0

and we have shown what we were asked to show.

The Definition of the Limit

Problems for this section have not yet been written.
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