Chapter 12: Linear Correlation and Regression
Linear regression and correlation deal with the relationship between paired data.
Two questions to ask:

1. Is there a relationship between the variables?
2. If so, can that relationship be described by a line?

Scatterplots and Linear Correlation

A scatterplot is a graph in which data pairs (x, y) are plotted as individual points on a graph
with a horizontal axis and vertical axis. X is the independent (or explanatory) variable and
y is the dependent (or response) variable.

A Scatterplot Showing the Relationship between the Size of a
House and Its Price
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A correlation exists between two variables when one of them is related to the other in
some way. In this class, we’ll focus on linear correlation. In other words, we’ll ask whether
the relationship between two variables can be described by a straight line.



The Linear Correlation Coefficient (r)

The linear correlation coefficient (r) measures the strength of a linear relationship in a

sample.

The formula for the linear correlation coefficient (r) is:

nxxy — (2x)(Zy)

A n(E) - (2% n(Ey?) - (Spy

The linear correlation coefficient (r) takes on values between -1 and 1. Ifr =-1, the values
fall in a straight line that slopes down. If r = 1, the points fall in a straight line that slopes
up. If there is no linear relationship, r will be 0.
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Although you can use the formula to find r, it is much easier to use the calculator.
To find the linear correlation coefficient using the TI83 /84 calculator,

1. Enter the data into L1 and L2.
2. STATK TESTSK LinRegTTestKk Make sure L1, Lz, m Ttare selected K Calculate

Round the linear correlation coefficient to three decimal places.

Example: A manager would like to assess the effectiveness of a radio advertising campaign.
In particular, he wishes to find out whether there is a relationship between the number of
radio ads aired per week and the number of products sold. The data for a sample of six
weeks is shown. Create a scatterplot and calculate the linear correlation coefficient.

Number of ads 2 5 8 8 10 12
X)

Number of items 20 41 72 63 92 99
sold (Y)

Solution: Create a scatterplot.
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The sample correlation coefficient is 0.988.

Note that the correlation is close to 1, which indicates that there is a strong linear
relationship between the variables. However, this is a small data set. Is there a strong
enough linear relationship in the sample to conclude that the advertising campaign is
effective? To answer this question, we must see if the linear relationship that was
observed in the sample is significant.



Testing the Significance of r
r represents the linear correlation coefficient for a sample.

p represents the linear correlation coefficient for a population. (This is the Greek letter
“rho.")

If r is close to 1, there is a strong positive linear correlation in the sample. We can conclude
that there is probably a positive linear correlation in the population.

If ris close to -1, there is a strong negative linear correlation in the sample. We can
conclude that there is probably a negative linear correlation in the population.

Question: How close does r have to be to 1 or -1 to conclude that there is a linear
relationship in the population?

That depends on both the sample size and sample correlation coefficient. Conduct a
hypothesis test using the following steps:

Step 1: State the null and alternative hypotheses.

Ho: p=0 (thereisno linear relationship between X and Y in the population)
H1: p, O (thereis alinear relationship between X and Y in the population)

Step 2: Compute r, the sample correlation coefficient.

Step 3: Find the p-value and make a decision. If the p-value is less than @ , reject Hp and
conclude that there is a linear relationship between X and Y in the population.

Example (continued): Based on the sample data, is there sufficient evidence to conclude
that there is a significant linear relationship between number of ads and number of
products sold? Use® =0.05.

Solution: The calculator reports the p-value as 0.0002. (Note that the p-value is displayed
using scientific notation: 2.0442215E-4. You should move the decimal point four places to
the left.)

Since the p-value is less than @ , conclude that there is a significant linear relationship
between number of ads and number of products sold. The advertising campaign appears to
be effective.



Example: A doctor is interested in a possible relationship between a patient’s age and
cholesterol level. The data for a sample of ten patients is shown. Create a scatterplot and
calculate the linear correlation coefficient. At®

T8t bdetermine if r is significant.
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Solution: The scatterplot is shown below.
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The sample correlation coefficient is 0.686 and the p-value is 0.0285. Since the p-value is
less than @ , conclude that there is a significant linear relationship between age and
cholesterol.




Errors involving Correlation

1: There may be some relationship between X and Y even when there is no significant
linear correlation.

In this case, r = 0, but there is clearly a relationship between X and Y. However, the
relationship is not linear.

2: Itis wrong to conclude that correlation implies causation. The correlation could be due
to a variable that is unknown to the researcher or not accounted for in the study. This
variable is called a lurking variable.

Example: Children with bigger feet tend to be better at spelling. Does having bigger feet
cause a child to be a better speller?

Solution: No, the lurking variable is age. Older children have bigger feet and they also spell
better.



Linear Regression

If there is a significant linear relationship between X and Y, we can find the equation of the
line that best describes that relationship. This line is called the regression line.

For example, suppose the equation of the regression line below is found to be y = 68,000 +
100x. The slope of the line is 100, and the y-intercept is 68,000.
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We can use this regression equation to make predictions.

Example: Using the equation of the regression line, what is the estimated price of a 2000
square foot house?

Solution: Size is the independent variable and is denoted by X. Price is the dependent
variable and is denoted by Y. Substitute x = 2000 into the regression equation:

y = 68,000 + 100x = 68,000 + 100(2000) = $268,000

Example: Using the equation of the regression line, what is the estimated price of a 1700
square foot house?

Solution: Substitute x = 1700 into the regression equation:

y =68,000 + 100x = 68000 + 100(1700) = $238,000



Note that in this example, the slope of the line is 100. This means that based on this sample
data, we estimate that there would be a $100 increase in price for every additional square
foot of space.

Formula for the Slope and y-Intercept of the Equation of the Regression Line:
«=a+bx

Slope: b=

Intercept: a = ouf

To find the y-intercept (a) and slope (b) of the equation of the regression line using
the TI83/84 calculator,

Enter the data into L1 and L2.
STATK TESTSK LinRegTTestk Make sure L1, Lz, m Ttare selected K Calculate

Round the values of the y-intercept (a) and the slope (b) to three decimal places.



Example: A manager wishes to find out whether there is a relationship between the
number of radio ads aired per week and number of items sold of a product. From the
sample data it was determined that there was a significant linear relationship between X
andY (r=0.988,° 18t ).

Number of ads 2 5 8 8 10 12
X)

Number of items 20 41 72 63 92 99
sold (Y)

a. Calculate the equation of the regression line.

b. Use the linear regression equation to estimate the number of items that will be sold
when seven radio ads are aired.

c. Use the linear regression equation to estimate the amount of numbers of items that will
be sold when three radio ads are aired.

Solution:

a. Using the calculator, find the slope (b) and y-intercept (a) of the regression equation.
y-intercept (a) = 1.843
slope (b) = 8.354
regression equation: y = 1.843 + 8.354x
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Note that with each additional ad, the regression equation predicts an additional 8.354
items sold.

b. y =1.843 + 8.354*7 = 60.3 items

c. y=1.843 + 8.354*3 = 26.9 items



Example:A doctor is interested in a possible relationship between a patient’s age and

cholesterol level for his male patients. The data for a sample of ten male patients is shown.

From the sample data it was determined that there was a significant linear relationship
between Xand Y (r=0.686,° 18t 0.

Age (X) 24 25 28 32 38 42 51 58 62 | 65
Cholesterol in 180 195 187 205 239 181 220 207 223 | 270
mg/dl (Y)

a. Calculate the equation of the regression line.
b. Use the regression equation to estimate the cholesterol level of a 41-year-old man.
c. Use the regression equation to estimate the cholesterol level of a 60-year-old man.
Solution:
a. Using the calculator, find the slope (b) and y-intercept (a) of the regression equation.
y-intercept (a) = 157.694
slope (b) =1.247

regression equation: y =157.694 + 1.247x
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Note that for each additional year of age, the regression equation predicts an increase of
1.247 mg / dL in cholesterol.

b. y=157.694 + 1.247*41 = 208.8

c. y=157.694 + 1.247*60 = 232.5




Extrapolation

You should make predictions only for values of x that are between observed x values and
not beyond observed x values.

Coefficient of Determination (R2)
The value R? is the ratio of explained variation over total variation. The value of R? is the
proportion of the variation of Y that is explained by the linear relationship between X and

Y.

Example: Find and interpret the coefficient of determination for the example involving
radio ads.

R2 = (0.988)2 = 0.976 = 97.6%

Approximately 97.6% of the variation in sales can be explained by the linear relationship
between X and Y.



Predicting Values of Y when the Linear Correlation Coefficient is Not Signficant

If there is not a significant linear relationship between X and Y, we should not use a linear
regression equation to describe that relationship. It may be better to use a different type
of equation to describe the relationship. This is beyond the scope of this course.

For our purposes, if there is not a significant linear relationship between X and Y, we will
use the sample mean Was the best predicted value of Y for a given value of X.

Example: Given the following data set, find the correlation coefficient and determine if
there is a significant linear relationship between X and Y at a 5% significance level. What
is the best predicted value of Y when X = 67

X 2 4 1 8 9 2

Y 20 15 4 5 8 1

Solution: From the scatterplot, it does not appear that there is a linear relationship
between X and Y.
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The linear correlation coefficient is r = -0.095. The p-value is 0.8579, and because the p-
value is notless than ® 18t bthe results are not significant at the 5% level

Therefore, we should not use a linear regression equation to describe the relationship
between X and Y.

The best predicted value of Y when x = 6 is the average of the Y values, which is
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