
Chapter 3:  Statistics for Describing, Exploring, and Comparing Data 
 
Numerical Descriptions of Data 
 
Measures of Center 
 
Measure of Center—a value at the center or middle of data set, or a “typical” value. 
 
Two Measures of Center 
 

 Mean—The average of a set of values. 
 

 Median—The middle value of an ordered data set.   
 

 
Measuring Center:  The Mean 
 
Notation: 
 

n is the number of data values in a sample 
N  is the number of data values in a population 
X  is the variable used to represent the individual data values 
∑ is  the sum of a set of values 

 

Sample mean:     = 
  

 
 

 

Population mean:    
  

 
 

 

 
Example:   Suppose there are five people with the following incomes: 
 
18,000  20,000  22,000  24,000  30,000 
 
The mean income is $22,800. 
 
 
 
Measuring Center:  The Median 
 
The sample median (M) is the middle value of an ordered data set.   To find the sample median, 
 

1. Arrange the numbers in increasing order. 
2. The median is the middle number.  If there are two numbers in the middle, the median is the 

average of the two numbers. 
 
 Example:  Suppose there are five people with the following incomes: 
 
18,000  20,000  24,000  22,000  30,000 
 
The median income is $22,000. 



 
 
Suppose that for the previous example, the highest-paid person makes $30,000,000 instead of $30,000 .   
Here is the new salary data. 
  
18,000  20,000  24,000  22,000  30,000,000 
 
What are the mean and median? 
 
The mean is $6,016,800. 
 
The median is still $22,000. 
 
 
Comments 

1. Note that the mean is affected by extreme data values.  The median is resistant to extreme values. 
2. If a distribution is symmetric, the mean and median are the same. 
3. If a distribution is left-skewed (long tail on the left), the mean is less than the median. 
4. If a distribution is right-skewed, the mean is greater than the median. 

 
 

Measures of Spread 
 
Measure of spread tell us if the values in a data set are clustered together or spread out.  We will look at 
three measures of spread: 

 Range 
 Standard Deviation 
 Interquartile Range  (IQR) 

 
We will look at the first two measures of spread now, and the IQR later. 
 
Measuring Spread:  The Range 
 
The range is the difference between the largest and smallest values in a data set. 
 
Example:  Suppose there are five people with the following incomes: 
 
18,000  20,000  22,000  24,000  30,000 
 
What is the range? 
 
Range = 30,000 – 18,000 = 12,000 
 
Note that the range is not resistant to extreme values since it depends on only the maximum and 
minimum values. 
 
  



Measuring Spread:  The Standard Deviation 
 
The standard deviation provides a measure of the spread of data values around the mean of a data set.  
Values close together will yield a small standard deviation, whereas values spread farther apart will yield 
a larger standard deviation. 
 
The standard deviation as “roughly, the average distance of the observations from the mean.” 
 

Sample standard deviation:  s =    
        

   
 

 
 

Population standard deviation :      
       

 
 

 
 
Example:  Find the standard deviation for the following sample data. 
 
1 3 5 7 9 
 
Solution:   
 
The mean of this data set is 5. 
 
               

1 1 – 5 = -4 16 

3 3 - 5 = -2 4 

5 5 – 5 = 0 0 

7 7 – 5 = 2 4 

9 9 – 5 = 4 16 

 
                 
 

    
        

   
  

  

    
         

 
Interpretation: These values are roughly 3.2 units away from their mean of 5 on average. 
 
Characteristics of standard deviation 
 
1.  It is a measure of variation from all values from the mean 
2.  It is usually positive.  It is zero only when all data values are the same. 
3.  The presence of outliers can cause a big increase in the standard deviation. 
4.  The units of standard deviation are the same as the units of the original data values. 
 
 



Sample Variance  
 
Sample variance:        square of the sample standard deviation s 
 
Population variance:    = square of the  population standard deviation   
 
 
 
Using the Standard Deviation 
 
Unusual Values 
 
In general, we can consider values that are more than two standard deviations away from the mean as 
“unusual.” 
 
Example:   IQ scores have a mean of 100 and a standard deviation of 15.   
 
a.  Find the IQ scores that are two standard deviations above and below the mean. 
 
Minimum usual value:  100 – 2(15) = 70 
Maximum usual value:  100 + 2(15) = 130 
 
b.  Using the definition, would an IQ score of 140 be considered  unusual? 
 
Yes, because it higher than the maximum usual value. 
 
 
Range Rule of Thumb  
 
The range of a data set is approximately four times the standard deviation.  There are two ways to use 
this: 
 
1.  You are given a data set and asked to estimate the standard deviation, or 
2.  You are given only the mean and the standard deviation of a data set (but not the original data) and 
asked to estimate the range. 
 
Example of case 1:  Estimate the standard deviation for the following data set: 
 
17  38  27  14 18  34  16  42  28  24  40  20  23  31  37  21  30  25 
 
Solution:  Range = max – min = 42 – 14 = 28 
 
Estimated sample standard deviation = 7 
Actual sample standard deviation (s) = 8.66   
  
  



Example of case 2:  Heights of women have a mean of 63.6 inches and a standard deviation of 2.5 inches.  
Estimate the range. 
 
Solution:   
 
63.6 – 2(2.5) = 58.6 = minimum “usual” value 
63.6 + 2(2.5) = 68.6 = maximum “usual” value 
 
The range is approximately 68.6 – 58.6 = 10 
 
The Empirical Rule 
 
For data sets having a distribution that is approximately bell-shaped,  
 

 About 68% of all values fall within 1 standard deviation of the mean. 
 About 95% of all values fall within 2 standard deviations of the mean. 
 About 99.7% of all values fall within 3 standard deviations of the mean. 

 
 

 
 
Example:   The average recovery time for a certain type of surgery is 4 months with a standard deviation 
of 0.5 month.  The distribution of recovery times is bell-shaped.   
 
a.  What percentage of people have recovery times between 3 and 5 months? 
 
b.  Approximately 68% of people recover in what time period? 
 
Solution:   
 
a.  The value 3 is two standard deviations below the mean; the value 5 is two standard deviations above 
the mean.  The empirical rule tells us that 95% of values fall within 2 standard deviations of the mean. 
Therefore, approximately 95% of recovery times are between 3 and 5 months. 
 
b.  Approximately 68% of people will have a recovery time of between 3.5 and 4.5 months.  These limits 
are one standard deviation above and below the mean. 
 
 
  



Z-scores 
 
A standard score, or z score, is the number of standard deviations that a given value x is located above or 
below the mean.  It can be used to compare values from different data sets.   
 
Example:  IQ scores have a mean of 100 and a standard deviation of 15.   Find the z-scores corresponding 
to the following IQ scores:  115, 130, 85. 
 
Solution: 
 

IQ score (X) Z  

115 1 (115 is one standard deviation above the mean.) 

130 2 (130 is two standard deviations above the mean.) 

85 -1 (85 is two standard deviations below the mean.) 

 
 
Whenever a value is less than the mean, its corresponding z score is negative. 
Whenever a value is greater than the mean, its corresponding z score is positive. 
 
A general formula for computing z-scores is: 
 

   
          

                  
 

 
 
 
Example:  Find the z-score corresponding to a IQ score of 109. 
 
Solution:  z = (109 – 100)/15 = 0.6 
 
 
We can also go in the opposite direction, converting z-scores to IQ scores. 
 
Example:  Find the IQ scores corresponding to the following z-scores:  -2, 3, 0. 
 
Solution:   
 

IQ score (X) Z  

70 -2 (70 is two standard deviations below the mean.) 

145 3 (145 is three standard deviations above the mean.) 

100 0 (100 is the mean.) 

 
 
A general formula for finding a value when given a z-score is 
 

                            



 
Using Z-scores to Make Comparisons Between Different Groups 
 
 
Example:  Suppose for all graduating seniors, marketing majors earn an average of $42,500 with a 
standard deviation of $1000.   Kate is a marketing major with an offer of $43,000.   
 
Accounting majors earn an average of $46,000 with a standard deviation of $1500.  Tom is an accounting 
major with an offer of $44,500. 
 
Find the z-scores associated with their starting salaries. 
 
Solution: 
 

Kate:  z = 
             

     
 = 0.5 

 

Tom:  z  = 
            

     
 = -1.0 

 
Although Tom’s starting salary is higher, Kate’s salary is higher relative to her peer group because her z-
score is higher. 
 
 
 

Measures of Relative Standing:  Percentiles and Quartiles 
 
A percentile is the value of a variable below which a certain percent of observations fall. For example, the 
20th percentile is the value (or score) below which 20 percent of the observations may be found. 
 
The 25th percentile is also known as the first quartile (Q1), the 50th percentile as the median or second 
quartile (Q2), and the 75th percentile as the third quartile (Q3). 
 
Finding Quartiles 
 
To compute quartiles: 
1.  Put the data in order from smallest to largest. 
2.  Find the median; this is the second quartile. 
3.  The first quartile Q1 is the median of the lower half of the data.  If there are an odd number of values in 

the data set, do not include the middle number in the lower half. 
4.  The third quartile Q3 is the median of the upper half of the data.  If there are an odd number of values in 

the data set, do not include the middle number in the upper half. 
 
 
Previously, it was mentioned that the interquartile range (IQR) is a measure of spread of a data set.   The 
interquartile range (IQR) is the difference between the third and first quartiles, and is a measure of the 
spread of the middle 50% of the data. 

 

 
IQR =  Q3 – Q1 
 

http://en.wikipedia.org/wiki/Percentage
http://en.wikipedia.org/wiki/Quartile
http://en.wikipedia.org/wiki/Median


 
Example (even number of values):  Find the quartiles and IQR for the following data set, which is the 
number of inches of snow reported in randomly selected U.S. cities for September 1 through January 10.  
 
9 8 13 4 3 21 15 3 11 24 34 17 
 
Solution:   
 
Put the data in order.  
 

3 3 4 8 9 11 13 15 17 21 24 34 
 
The median is 12, which is the average of the two middle numbers 11 and 13. 
 
The first quartile is 6, which is the median of the lowest six numbers (2, 2, 4, 6, 9, 11). 
 
The third quartile is 19, which is the median of the highest six numbers (13, 15, 17, 21, 24, 34). 
 
The interquartile range for the above data set is 13. 
 
 
Example (odd number of values):  Find the quartiles and IQR for the following data set, which contains 
quiz grades.   
 
90  92  93  88  95  88  97  87  98  57 31 
 
Solution:   
 
Put the data in order.   
 
31 57 87 88 88 90 92 93 94 97 98 
 
The median is 90, the middle number. 
 
The first quartile is 87, which is the median of the lowest five numbers (31, 57, 87, 88, 88). 
 
The third quartile is 94, which is the median of the highest five numbers (92, 93, 94, 97, 98). 
 
The interquartile range for the above data set is 7. 
 
 

  



Outliers 
  
Outlier – an unusually high or low value in a data set.  Data values that fall beyond the following limits are 
considered outliers. 
 
Lower limit:  Q1 – 1.5 * (IQR) 
Upper limit:  Q3 + 1.5 * (IQR) 
 
Example:  Determine if there are any outliers for the following data set.   
 
9 8 13 4 3 21 15 3 11 24 41 17 
 
Solution:   
 
For this data set, the median = 12, Q1 = 6, Q3 = 19. 
 
Therefore, the IQR = 19 – 6 = 13. 
 
Lower Limit = 6 – 1.5*12 =  -12 
Upper Limit = 19 + 1.5*12 = 37 
 
Are there any values in the data set that are less than -12 or greater than 37?  Yes: 41.   Therefore, 41 is an 
outlier.  
 

Five-Number Summaries and Boxplots 
 
The five-number summary consists of the following: 
 

 minimum  
 first quartile (Q1) 
 median  
 third quartile (Q3) 
 maximum 

 
 

Example (odd number of values):  Given the following data set, find the five-number summary. 
  
3 2 1 4 4 7 15 12 8 10 15  
 
Solution:  Put the numbers in order from smallest to largest. 
 
1 2 3 4 4 7 8 10 12 15 15 
 
minimum = 1 
median = 7 
Q1 = 3 
Q3 = 12 
maximum = 15 
 
 
  



Example:  (even number of values)  Given the following data set, find the five-number summary. 
 
2 4 7 8 1 3 4 10 12 15 
 
Solution:  Put the numbers in order from smallest to largest. 
 
1 2 3 4 4 7 8 10 12 15 
 
minimum = 1 
median = 5.5 
Q1 = 3 
Q3 = 10  
maximum 15 
 
 
A boxplot is a graphical representation of the five-number summary. 
 
To create a boxplot: 
 

1. Find the five-number summary. 

2. Make a box with ends at the quartiles Q1 and Q3 

3. Draw a line in the box at the median. 

4. Check for outliers using the 1.5 * IQR rule and if any, plot them individually. 

5. Extend lines from end of box to smallest and largest observations that are not outliers. 

 
Example:  The following data set consists of the waiting times for a sample of calls to a customer service 
center.  Find the five-number summary and create a boxplot. 
 
 2, 15, 7, 3, 1, 4, 8, 10, 4, 15, 20, 12 
 
 
 
Solution-   
 

Find the five-number summary.  Put the data in order. 

 

 1, 2, 3, 4, 4, 7, 8, 10, 12, 15, 15, 20 

 

Median = 7.5  (the average of the two numbers in the middle) 

Q1 = 3.5 

Q3 = 13.5 

Minimum = 2 

Maximum = 20 



 

IQR = Q3 - Q1 = 10 

1.5 * IQR = 15 

Lower limit = Q1 – 1.5*IQR =  3.5 – 15 = -11.5 

Upper limit = Q3 + 1.5*IQR = 13.5 + 15 = 28.5 

 

There are no outliers since there are no values outside of the range (-11.5, 18.5). 
 
 

 
 
 
 
  



Interpretation of Boxplots 
 
Example: 

 
 
 
Here is some information that we could get from this boxplot: 

 50% of students scored between 60 and 80. 

 The bottom 25% of students scored between 40 and 60. 

 The top 25% of students scored between 80 and 90. 

 There were no outliers. 

 The minimum score on this test was 40. 

 The maximum score on this test was 90. 

  



Comparing Boxplots 
 
Example:  Heights in inches were recorded for a sample of men and a sample of women.  The following 
boxplots were created. 
 

  
 

 

Here are some observations from the graph: 

 

 The minimum female height in the sample was about 57 inches; the maximum female height was 

about 68 inches. 

 The minimum male height in the sample was about 61 inches; the maximum male height was 

about 76 inches. 

 The median female height was about 63 inches; the median male height was about 68 inches.   

 The middle 50% of female heights were between 61 to 64 inches (approximately). 

 The middle 50% of male heights were between 66 to 70 inches (approximately). 

 The IQR for female heights is approximately 64 – 61 = 3 inches. 

 The IQR for male heights is approximately 70 – 66 = 4 inches. 

 
  
 
Boxplots and Distribution Shapes 
 

 
 
 
 


